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HUGNG DAN SU DUNG SACH

1. Méi bai hoc déu duorc thiét ké theo cau tric gdm nhirng phan sau day.
Thuét ngir: Diém tén cac dbi twong chinh cla bai hoc.
Kién thire, ki nang: Giup em xac dinh nhirng ndi dung kién thirc, ki nang chinh can linh
héi va rén luyén trong bai hoc.
Mo dau: Pua ra tinh huéng lam nay sinh nhu céu hoc tép; n6 c6 thé 1a mét bai toan thue
té dai dién, hay la mét doan dan nhap. Em khéng can tra |&i ngay cac cau hdi hay yéu cau
dwoc dat ra & phan nay, ma sé gidi quyét chung trong bai hoc, sau khi da linh héi dwoc
lwong tri thirc va ki nang can thiét.
Muc kién thirc: Sau phan mé dau, bai hoc dwoc chia thanh cac muc theo tirng chi dé.
Nhin chung, méi don vi kién thirc cé clu triic sau day:

Hinh thanh kién thiic: Em can tich cwc tham gia vao cac hoat dong (H®) dé chiém
linh tri thirc. Cac H® nay cho em co héi quan sat va trai nghiém, tinh toan va lap

lugn dé di toi | khung kién thirc | mot cach tu nhién

Vi du: Em c6 thé hoc & day phwong phap, cach 1ap luan va tinh toan, cach trinh bay
|&i giai bai toan.

Luyén tip: Van dung kién thirc & hoc, tham khéo vi du twong (rng, em hay luyén
tap dé cung co kién thirc va rén luyén ki nang.

Vin dung: Trén nén tang ki}én thire va ki nang da dwoc hoc, em gidi quyét cac bai
toan gan véi thuc té, két ndi tri thire véi cac linh vre khac nhau trong hoc téap, khoa
hoc va cudc séng.

Em c6 thé bat gap mét khung chir  nham hé tro’ hodc binh luan,... cho ndi dung twong

(rng duoc dé cap & bén canh.

Ngoai bén thanh phan co ban & trén, trong mét don vi kién thire, em con c6 thé cé co’ hoi
tham gia vao Kham pha, Trai nghiém, Thao luén, tra 10i 61 mé rong hiéu biét cling
Em cé biét?,...

Bal tip: Em chu déng thwe hién ngoai gid trén 16p, tuy vay, thay/cod sé danh théi lvong
nhat dinh dé cung em diém qua céc bai tap nay.

2. Céac bang tra clru va gidi thich thuat ngir (dwoc dat & cudi sach) cung cap dia chi tra ciru
va giai thich mét sé khai niém, coéng thirc dwoc phat biéu trong sach.

Hay bdao quan, girwe gin sdach gido khoa

dé danh tdng cdc em hoc sinh lop sau!




LGOI NOI DAV

Cac em hoc sinh yéu quy!

Tap sach nhé nay gébm ba chuyén dé: Hé phwong trinh bac nhat ba an; Phwong
phap quy nap toan hoc. Nhi thirc Newton; Ba dwong conic va ng dung.

Céc em da dworc hoc trong sach giao khoa vé hé phuong trinh bac nhét hai
&n. V6i chuyén dé “Hé phwong trinh bac nhét ba 4n” cac em sé dwoc lam
quen v&i nhirng kién thirc sdu hon nhwng khéng khé hon, déng thoi biét
duoc thém nhiéu rng dung cua hé phwong trinh bac nhat trong thuc tién.

Chuyén dé “Phuwong phap quy nap toan hoc. Nhi thirc Newton” trinh bay vé
mét phwong phap rat théng dung trong chirng minh toén hoc, goi la phwong
phap quy nap toan hoc, va mét trong nhirng cong thirc quan trong nhét clia
toan hoc la Nhj thirc Newton. Nhi thirc Newton coé méat trong hau hét cac linh
virc cua toan hoc, tir li thuyet dén ing dung. Nam virng Nhi thirc Newton,
cac em c6 trong tay chiéc chia khoa @& mé nhirng canh clra méi clia toan
hoc.

Cac duwdng conic duworc biét dén tir thé ki lll trwdc Codng nguyén, trong nhirng
cong trinh cla nha toan hoc Hy Lap Apollonius. Dén dau thé ki XVII, cac
dwdng conic dwoc rng dung vao mét trong nhirng phat minh quan trong
nhat clia nhan loai: Binh luat Kepler vé chuyén déng clia cac thién thé.
Khéng nhirng thé, cac duwong conic cé mat khap noi quanh ta, tir nhirng
cdng trinh kién tric dén nhirng chiéc guong phan xa anh sang. Nhirng déi
twong hinh hoc quan trong dé sé dwoc gidi thieu véi cac em trong chuyén
dé “Ba dwdng conic va (rng dung”.

Nhw chung ta da biét, déi véi méi hoc sinh thi kién thirc rat quan trong,
nhwng quan trong hon la biét cach tw hoc, tw tim hiéu sau hon van dé va
biét van dung kién thirc vao thiec tién. Hi vong chuyén dé hoc tap nay sé
giup ich cho cac em trén con dwéng rén luyén ki ndng céan thiét do.

Chuc cac em hoc tét!
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CHUYEN PE 1
HE PHUONG TRINH

BAC NHAT BA AN

O I6p 9, cac em da biét cach gidi hé phuong
trinh bac nhat hai an va lam quen véi mét
vai (rng dung cla ching. Trong chuyén dé
nay, cac em sé dwoc gidi thiéu cach giai hé
phwong trinh bac nhat ba an bang phwong
phap Gauss va bang may tinh cam tay,
cling nhw nhirng &rng dung phong phu cua
chung trong Vat li, Hoa hoc, Sinh hoc va
trong thire té cude séng.

HE PHUONG TRINH

BAC NHAT BA AN

Thuat ngir i Kién thire, ki ndng
* Hé phwong trinh bac » Nhan biét hé phwong trinh bac nhat ba an.

it k@ &n .+ Giai hé phuong trinh bac nhat ba 4n bdng phuwong
* Nghiém cta hé phwong phap Gauss.

trinh bac nhét ba an .+ Tim nghiém ciia hé phrrong trinh bac nhat ba 4n bang
* Phuong phép Gauss | may tinh cam tay.

Ong An dau tw 240 triéu déng vao ba quy khac nhau: mét phan trong quy thi trwdng tién té
(Ia mét loai quy dau tw thi trudng, tap trung vao cac san pham tai chinh ngan han nhw tin
phiéu kho bac, trai phiéu ngan han, chirng chi tién guvi,...) véi tién 1&i nhan dwoc la 3% mot
nam, mét phan trong trai phiéu chinh phi véi tién 18i nhan duoc la 4% mot nam va phan con
lai trong mdt ngan hang véi tién 1ai nhan dwoc 1a 7% mot nam. Sé tién éng An dau tw vao
ngan hang nhiéu hon vao trai phiéu chinh phu la 80 triéu déng va téng sé tién lai thu duwoc
sau nam dau tién & ca ba quy 1a 13,4 triéu déng. Héi 6ng An da dau tw bao nhiéu tién vao
méi loai quy?



1. KHAI NIEM HE PHUONG TRiNH BAC NHAT BA AN

) 101, Khai niém hé phwong trinh bac nhat ba an
o ‘ L Pay la ba phwong trinh
Xet hé phuong trinh voi cac an la x, y, z sau: bac nhét ba an.

X+y+z =2

X+2y+3z=1
2X+y+3z=-1.
a) Méi phwong trinh clia hé trén cé bac may dbi véi cac
an x, y, z?
b) Thir lai rang bd ba sé (x; y; z) = (1: 3; —2) thoa man c3 B ba s (1; 3; —2) goi la
ba phwong trinh cta hé. mdt nghiém cda hé.

c) Bang céch thay truc tiép vao hé, hay kiém tra xem
bd ba sb (1; 1; 2) co6 thoa man hé phwong trinh da
cho khéng.

« Phuong trinh bac nhat ba an cé dang téng quat Ia
ax+by+cz=d,
trong d6 x, y, z laba an: a, b, ¢, dla cac hé sb va a, b, ¢ khdng dong théi bang 0.

MGi bd ba s6 (X,; y,; Z,) thoa mén ax_ + by, + cz, = d goi la mot nghiém clia phwong
trinh bac nhat ba an da cho.
« Hé phuong trinh bac nhéat ba an la hé gdbm mét sd phuong trinh bac nhét ba an. Mi nghiém
chung cutia cac phwong trinh 6 dwoc goi la mét nghiém cda hé phuong trinh da cho.
+ Noi riéng, hé ba phwong trinh bac nhat ba an c6 dang téng quat 1a
ax+by+cz=d,
ax+by+c,z=d,
axibytcz=d,
trong d6 x, y, z 1a ba an; cac ch(¥ con lai la cac hé sé. O day, trong méi phwong trinh,
it nhat mot trong cac hé sé a, b, ¢, (i =1, 2, 3) phai khac 0.

\ v

Chu v. Trong sach nay ta chi xét cac hé phwong trinh cé sé phwong trinh bang dung sé
an, nén tr nay vé sau ta sé& goi tat 1a hé phuong trinh bac nhét ba 4n (hay hé bac nhéat
ba an) thay cho hé ba phuong trinh bac nhat ba an.

) Vi du 1. Hé phuong trinh nao duwéi day la hé phuong trinh bac nhat ba &n? Kiém tra xem bd ba
s6 (1: 2: —3) c6 phai la mét nghiém cla hé phwong trinh bac nhét ba an dé khéng.

2x+3y—-5z=13 2X+y+z=-3
a){ 4x-2y-3z=3 b) < 5x+y-3z=16
X+ 2y +4z% = -1 X+2y =5,



Giai
Hé phwong trinh & cau a) khéng phai Ia hé phwong trinh bac nhat vi phwong trinh thir ba
chira z°.

Hé phuong trinh & cau b) l1a hé phuong trinh bac nhét ba an. Thay x = 1; y=2; z=-3 vao
cac phwong trinh trong hé ta dwoc

3=-3
16 =16
b=5.
B6 ba sé (1; 2; —3) nghiém dung ca ba phwong trinh ctia hé.
Do d6 (1; 2; —3) la mét nghiém cua hé.

) Luyén tip 1. Hé nao dwdi day la hé phwong trinh bac nhé@ ba ép‘? Kiém tra xem bd ba sé
(—3; 2; —1) ¢6 phai la nghiém cua hé phwong trinh bac nhat ba an dé khéng.

( X+2y-3z=1 [—x+y+z =4
a){2x-3y+7z=15 b) i 2x+y-3z=-1
leE -4y +z=-3; l 3x -2z=-7.

2. GIAI HE PHUONG TRINH BAC NHAT BA AN BANG PHUONG PHAP GAUSS

) 102, Hé bac nhat ba an c6 dang tam giac

Cho hé phwong trinh Hé phwong trinh dan:g
X+y-2z=3 tam giac co6 cach giai rat
y+z=7 don gian.
2z=4.

Tw phwong trinh cudi hay tinh z, sau do thay vao phuwong
trinh thtr hai dé tim y, cudi cung thay y va z tim dwoc vao
phwong trinh dau de tim x.

r’ N
Dé giai hé phwong trinh dang tam giéc, trwdc hét ta gidi tlr phwong trinh chira mét an,

sau 46 thay gia tri tim duoc clia an nay vao phurong trinh chira hai an @é tim gia tri cua
an thir hai, cudi cuing thay cac gia tri tim dwoc vao phwong trinh con lai dé tim gia tri

clia an thir ba.
L J

) Vi du 2. Giai hé phwong trinh
X+y—-2z=4
3y+z=2
—Z=1.

Giai

Tuw phwong trinh thir ba ta ¢6 z = -1. Thay z = -1 vao phwong trinh thir hai ta c6 3y -1 =2
hay y = 1. VOi y, z tim dwoc, thay vao phwong trinh th nhatta duwocx +1+2=4hay x=1.

Vay nghiémciahédachola (x; y; z) = (1; 1; -1).



) Luyén tap 2. Giai hé phwong trinh

2x =3
X+ y =2
2x-2y +z=-1.

) 40z, Giai hé phwong trinh bac nhat ba an bang phwong phap Gauss
Cho hé phwong trinh
X+y—-2z=3
-X+y+6z=13
2x+y -9z =-5,

a) Khir an x clia phwong trinh thir hai bang cach céng
phuwong trinh nay voi phwong trinh thi nhat theo tirng
vé trong (rng. Viét phuong trinh nhan dugc (phwong
trinh nay khéng con chwra an x va la phwong trinh tho
hai ctia hé mai, twong dwong voi hé ban dau).

b) Khir &n x ctia phwong trinh thi*r ba bang cach nhan
phuwong trinh thir nhat véi —2 réi cong véi phurong trinh
thir ba theo tirng vé twong (rng. Viét phwong trinh thiy
ba m&i nhan dwoc. Tir d6 viét hé méi nhan duwoc sau
hai budc trén (da khir x & hai phwong trinh cudi).

¢) Lam twong tu dbi véi hé méi nhan dwoc & cau b), tir Johann Cafl Fhcdich Garss
phwong trinh thtr hai va thir ba khe an y @ phwong (1777 — 1855), nha toan hoc
trinh thir ba. Viet hé dang tam giac nhan duwoc. va vét |i ngwdi Dirc, 1a mot

e . . e p— trong nhirng nha toan hoc vi
d) Giai hé dang tam giac nhan dwoc ¢ cau c). Tw do suy dai nhét trong lich st.

ra nghiém cua hé da cho.

Pé gidi mét hé phwong trlnh bac nhat ba an, ta dwa hé do vé mét hé don gian hon |
(thwdng c6 dang tam giac), bang cach sir dung céc phép bién ddi sau day:

— Nhan hai vé clia mét phwong trinh clia hé véi mét sé khac 0;
— Béi vi tri hai phurong trinh cta hé;

— Coéng mdi vé cia médt phwong trinh (sau khi @& nhan véi mét sé khac 0) véi vé
twong (ng clia phwong trinh khac dé dwoc phwong trinh méi cé sé an it hon.

Tl d6 co thé giai hé da cho. Phuong phap nay dwoc goi la phuong phap Gauss.

) Vi du 3. Giai hé phuong trinh sau bang phuong phap Gauss
X+y+z=2
Ix+3y+z=4
-Sx+7y -2z =5.
Giai
Nhan hai vé cta phwong trinh thir nhat ctiia hé véi (-7) réi cdng véi phwong trinh thir hai
theo tirng vé tuong (rng ta dwoc hé phwong trinh (da khir &n x & phwong trinh thir hai)



X+y+2z =2
-4y-6z =-10
-Sx+7y-2z =6.

Nhan hai vé cGa phwong trinh thr nhat cGia hé nay véi 5 rbi cdng véi phwong trinh thi ba
theo tlrng vé twong (rng ta dwoc hé phwong trinh (83 khir an x & phwong trinh cudi)

X+ y+z =2
-4y -6z =-10
12y + 3z =18.

Nhan hai vé ctia phwong trinh thir hai ctia hé nay véi 3 réi cdng véi phwong trinh thir ba theo
tirng vé twong ng ta dwoc hé phwong trinh twong dwong dang tam giac
X+y+2 =2
-4y-6z =-10
-16z =-18.

T phwong trinh thir ba ta c6 z = 1. Thé vao phwong trinh
thir hai ta dwoc y=1. Cudicungtaco x=2-1-1=0. Hé ¢é nghiém duy nhat.
Vay nghiém cua hé phwong trinh 1a (x; y; 2) = (0; 1; 1).

» Vidu 4. Giai hé phwong trinh
[2}{ + y— z=5
X+ y+ z=3
15;{+4y+22=10.
Giai
D6i ché phwong trinh thér nhat va phwong trinh thi hai ta dwoc hé phwong trinh
X+ y+ z=3
2x + y— z=5
S5x+4y +2z=10,

Nhan hai vé cta phurong trinh thir nhat cia hé véi (-2) réi cdng voi phurong trinh thir hai
theo tirng vé twong (rng ta dwoc hé phwong trinh (da khir an x & phwong trinh thir hai)

X+ y+ z=3
- y-3z=-1
5x+4y +2z=10.

Nhan hai vé clia phuwrong trinh thir nhat clia hé véi (-5) réi cdng véi phurong trinh thir ba theo
tirng vé twong rng ta dwoc hé phwong trinh (da khir an x & phwong trinh cudi)



X+y+ z=3 Hé vd nghiém.
-y-3z=-1
-y -3z=-5.

T hai phwong trinh cudi, suy ra —1 = -5, diéu nay vé i.
Vay hé ban dau vé nghiém.

» Vi du 5. Giai hé phwong trinh sau

10

5x+y—-4z =2
x-y-z =-1
3x+3y—2z=4.

Giai
Trwdc hét ta doi chd phuong trinh thir nhat va phwong trinh thir hai:
I X—-y-2z =-1
Sx+y-4z =2
I3X+ Jy -2z =4.
Nhan hai vé clia phwong trinh th(r nhat ctia hé véi (-5) réi cong voi phuwrong trinh thir hai
theo tirng vé twong wng ta dwoc hé phwong trinh (@& khir an x & phwong trinh thir hai)
{ X-y-z =-1
6y+z =7
] 3x+3y-2z=4.
Nhan hai vé clia phrong trinh thir nhat cia hé véi (-3) réi cong véi phurong trinh thir ba theo
tlrng vé twong rng ta dwoc hé phwong trinh (da khtr &n x & phwong trinh cudi)
X-y-z=-1
By+z=7
| 6y+z=17.

Nhan thay phwong trinh thr hai va thir ba cla hé giéng nhau. Nhu vay, ta dwoc hé twong
dwong dang hinh thang
[x-y-2z=-1

Hé co6 vb sb nghiém.
1 By+z=7.

RUt z theo y tlr phwong trinh thir hai cia hé ta dwoc z = 7 — By. Thé vao phwong trinh thi
nhat ta dwoc x — y — 7 + 6y = —1 hay x = -5y + 6. Vay hé da cho c6 v6 so nghiém va tap
nghiémcuahéla S= {(—Sy +6; y; 7 — Gy) |y e R} .

Nhan xét. Hé phuong trinh bac nhét ba an c6 thé c6 nghiém duy nhét, vé nghiém hoac cé
vo s6 nghiém.



) Luyén tip 3. Gidi cac hé phuong trinh sau:

2X+y—-3z=3 4x+y+3z=-3 X+2z2=-2
a){ x+y+3z=2 b) {2x+y—-z=1 C){2x+y—-z=1
3x -2y +z=-1, 5x + 2y =1, 4x + y + 3z =-3.

) Vidu 6. Giai tinh huéng mé dau. Goi x, y, z (triéu déng) |an lwot 1a sé tién dau tw cha éng An vao
ba quy: thi trrdng tién té, trai phiéu chinh phi va mét ngan hang. Khi dé
X +y+2z=240.
Vi sé tién dau tw vao quy trong ngan hang nhiéu hon quy trai phiéu chinh phu 1a 80 triéu déng
nén ta co
Z=y+80, hay -y +z =280.
Do téng s6 tién lai trong mot ndm 1a 13,4 triéu ddng nén ta co
0,03x + 0,04y +0,07z=13 4.
T d6, ta dwoc hé phuong trinh bac nhéat ba an
X + y + z =240
-y + z =80
0,03x+0,04y +0,072=13,4.
Ta gidi hé bang phuwong phap Gauss.

Nhan hai vé ctia phwrong trinh thir nhat cia hé véi (-0,03) r6i cong véi phuwong trinh thir ba theo
tirng vé twong rng, ta duoc hé phuong trinh
X +y + z =240
-y + z=80
0,01y +0,04z =6,2.
Nhan hai vé clia phurong trinh thir hai ctia hé véi 0,01 réi cong véi phwong trinh thir ba theo tirng
vé trrong rng, ta duoc hé phwong trinh dang tam giac
Xx+y+z=240
-y +z =280
0,05z =7.

Tw phuwong trinh thir ba ta ¢6 z = 140. Thé vao phwong trinh th(r hai ta dwoc y = 60. Cudi cung
taco x =240 - 140 - 60 = 40.
Vay s0 tién éng An dau tu vao ba quy: thi trrdng tién &, tréi phiéu chinh phi va mét ngan hang
lan lwot 1a 40 triéu dong, 60 triéu dong, 140 triéu dong.

) Vin dung 1. Ha mua van phong pham cho nhém ban cung 16p gom Ha, Lan va Minh hét
tbng cdng 820 nghin déng. Ha quén khéng Iu hoa don cla méi ban, nhung nhé duwoc
rang s6 tién tra cho Lan it hon mét nira sé tién tra cho Ha la 5 nghin déng, sé tién tra cho
Minh nhiéu hon sé tién tra cho Lan la 210 nghin déng. Hdi mbi ban Lan va Minh phai tra
cho Ha bao nhiéu tién?



3. TIM NGHIEM CUA HE PHUONG TRINH BAC NHAT BA AN
BANG MAY TiNH CAM TAY

) Ho4a. Dung may tinh cam tay dé tim nghiém ctia hé:

—2x-3y+z=95 Str dung may tinh cam tay dé tim nghiém
2Xx+y+2z=-3 cua cac hé phwong trinh bac nhat ba 4n mot
~X+2y-3z=2. cach dé dang va nhanh choéng!

Ta co6 thé dung may tinh c&m tay dé tim nghiém cla hé.
Sau khi m& may, ta an lién tiép cac phim sau day.
mopE| (5] [2] [ -] [2][=] [-] 3] =] 1] =] [8] =]

2|[H [ 2][H[H[E][E

%E 2][=][-][3][=] [2][]

Man hinh hién thi nhu sau:

A=

-4
Turc lata co x = 4. Ban s& thay hién ra trén
man hinh.
An tiép phim [=| ta thAy man hinh hién nhw sau:

'f= L} Hath Wik

11
.

Tuclataco y=¥.

An tiép phim [=| ta thdy man hinh hién nhw sau:

Z: = Math A&
12
7
Tuclatacod z =E.
4 11 12
Vay nghiém cua hé phwong trinh |a (x; y; z) = [—4: ?;?].
( )

Ta c6 thé dung may tinh cdm tay dé gidi hé phwong trinh bac nhéat ba an. Sau khi mé
may, ta lan lwot thue hién cac thao tac sau:

+ Vao chwong trinh gidi phwong trinh, an (MODE

Man hinh may tinh sé hién thi nhu sau:

1: ansA+bnyY'=Cn
Z: ans+bnY+ConZ=dn
St arZ+br+c=0
d: axZ+bRZ+CH+d=0

12



+ Chon hé phwong trinh bac nhat ba an, an

Man hinh may tinh sé hién thi nhu sau:
o
I [ 1] '}
if 0 Hu

_ +Nhap cac hé s6 dé gidi hé phwong trinh. A

) Vi du 7, Dung may tinh c&dm tay tim nghiém ctia cac hé sau:
X+y+z=T7 X+y+2z=9
a) «3x—-2y+2z=5 b) <2x—-y+3z=9
4x -y +3z=10; 5x + 2y + 9z = 36.
Giai
a) Ta an lién tiép day cac phim
mopE| (8] [2| i A H A 7]
3][=][H 21 [2=] 8] =
4 HAEBIE R
=]

Thay hién ra trén man hinh déng chir “No-Solution” nhw sau:

No-Solution
Tic 1a hé phuong trinh @& cho vé nghiém.
b) Ta &n lién tiép day cac phim
mopE] [5] 2] =1 il [ [2][H [e] =]
2] [=] [ [ [ [3]=][e] [<]
5][=][2][=][s][=][38] =]
=

Thay hién ra trén man hinh déng chir “Infinite Sol” nhw sau:

] Hath

Infinite Sol
Tirc la hé phwong trinh da cho cé vé sé nghiém.

) Luyén tip 4. S&r dung may tinh cam tay tim nghiém cla cac hé phwong trinh trong Vi du 3,
Vidu 4, Vidu 5 va Luyén tap 3.

) Vin dung 2. Tai mét québc gia, khodng 400 loai déng vat nam trong danh sach cac loai ¢é
nguy co tuyét ching. Cac nhom ddng vat co vu, chim va ca chiém 55% cac loai co6 nguy
co’ tuyét ching. Nhém chim chiém nhiéu hon 0,7% so v&i nhém ca, nhém ca chiém nhiéu
hon 1,5% so véi déng vat cé vi. Héi mbéi nhém déng vat cé v, chim va ca chiém bao nhiéu
phan tram trong céc loai cé nguy co tuyét ching?
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BAI TAP
1.1. Hé nao dwéi day la hé phuong trinh bac nhét ba an? Kiém tra xem bé ba sé (2: 0; —1) ¢6
phai la nghiém cua hé phwong trinh bac nhét ba an d6 khéng.

' X-2z =4 X-2y+3z=7
a): 2x+y-z =5 b) {2x-y® +z=2
-3x+2y =-6 X+ 2y =-1.
1.2. Giai cac hé phuwong trinh sau:
2x-y-z=20 X-y-3z=20
a) «x+y =-5 b) < x -Z= 3
X =10; X +3z=-7.
1.3. Giai cac hé phuong trinh sau bang phwong phap Gauss:
2X -y -2=2 [3x-y—-z=2 x-3y-z=-6
a)« x+y=3 b) {x+2y+z=5 C) {2x-y+2z=6
X—-y+Z=2 —X+y=2  4x-Ty =-6;
(X -3y—-z=-6 C 3x-y-T7z=2 2x -3y -4z =-2
d)qzx_y+zz:6 e): 4dx-y+z=11 fy « SBx-y-2z=3
4x -7y =3; |-5x -y -9z =-22, Ix—-4y-6z=1.

Kiém tra lai két qua tim dwoc bang cach sir dung may tinh cam tay.

1.4. Ba ngw®i cung lam viéc cho mét céng ty vai vi tri 1an lwot 1a quan li kho, quén i van
phong va tai xé xe tai. Téng tién lwong hang nam ctia ngudi quan li kho va ngudi quan li
van phong 1a 164 triéu ddng, con cla ngwoi quan li kho va tai xé xe tai 1a 156 triéu déng.
M&i ndm, ngudi quan li kho linh lrong nhiéu hon tai xé xe ti 8 triéu dong. Hoi lvong hang
nam cua méi ngudi la bao nhiéu?

1.5. Nam ngoai, nguwdi ta cé thé mua ba mau xe 6 t6 clia ba hang X, Y, Z v&i tong sb tién
la 2,8 ti dong. Nam nay, do lam phat, d& mua ba chiéc xe dé can 3,018 ti dong. Gia xe 6 t6
cua hang X tang 8%, cla hang Y tang 5% va cua hang Z tang 12%. Néu trong nédm ngcal
gla chiéc xe cla hang Ythap hon 200 triéu déng so v&i gia chiéc xe clia hang X thi gia cla
mdi chiéc xe trong ndm ngodi la bao nhiéu?

1.6. Cho hé ba phuong trinh bac nhat ba an sau
ax+by+cz=d,
a,x+by+c,zZ=d,
a,x+by+c,z=d,.

a) Gia str (x,; y,; z,) va (x,; ¥,; z,) 1a hai nghiém phan biét cua hé phuong trinh trén.
X{J +x1 i y{] +y‘| O ZD +z1.
2 ' 2 7 2
b) St dung két qua cla cau a) chirtng minh rang, néu hé phwong trinh bac nhét ba an cé

hai nghiém phan biét thi né sé cé vé sé nghiém.

Chirng minh rang [ ] cling |a moét nghiém cua hé.



UNG DUNG CUA HE PHUONG TRINH
BAC NHAT BA AN

Thuat nglr i Kién thirc, ki ndng

* Hamcung « Van dung hé phwong trinh bac nhat ba &n vao giai mot
« Ham ciu : sd bai toan vat li, hoa hoc va sinh hoc.

+  Can bing cung — cAu .+ Vandung hé phrong trinh bac nhét ba &n dé giai quyét mét

s6 van dé thuc tién cudc séng.

Hé phuong trinh bac nhat ba an dwoc van dung dé giadi quyét rat nhiéu bai toan khac nhau.
Trong bai nay ta s& gap mét s6 vi du van dung nhw vay trong cac linh vwe véat li, hoa hoc, sinh
hoc, kinh té hoc, ... Chung ta cling sé dwoc lam quen véi mot sé dang toan gidi bang cach lap
hé phwong trinh bac nhat ba an.

1. GIAI MOT SO BAI TOAN VAT Li, HOA HOC VA SINH HOC
UNG DUNG TRONG SINH HOC

Trong sinh hoc ¢é nhiéu bai toan dan dén viéc gidi hé phwong trinh bac nhéat nhiéu an. Duoi
day gioi thiéu hai vi du don gian trong nganh chan nudi va nganh sinh thai.

Bai toén sén xuét ga giéng. Trong trang trai
san xuat ga giéng, viéc lya chon ti 1é gifra
ga tréng va ga mai rat quan trong. Néu qua
nhiéu ga tréng thi khéng hiéu qua kinh t&,
néu it ga tréng qua thi anh hudng dén hiéu
qua san xuét ga gibng. Cac nghién ciru chi
ra rang ti & gitra ga tréng va ga mai dé san
xuat ga giébng hiéu qua nhat 1a 1:10,5. Mot
dan ga trwdng thanh co téng sé 3 000 con,
trong dé ti 1& gilra ga tréng va ga mai la 5:3.
Céan chuyén bao nhiéu ga tréng cho muc : :
dich nudi l4y thit d& hiéu qua cao nhat? Trang trai san xudt ga gibng

) o1 Goi x, y, z lan lwot 1a sb ga tréng, s6 ga mai, sé ga tréng can chuyén sang muc dich
nuéi 14y thit trong dan ga.

a) Diéu kién cta x, yva z la gi?
b) Tir gia thiét cta bai toan, hdy tim ba phwong trinh bac nhéat rang buéc x, y va z, tir @6
c6 mot hé phwong trinh bac nhat ba an.

c) Giai hé phwong trinh bac nhat thu dwoc. Tir g6 dwa ra cau tra 1o cho bai toan.



Dé giai bai toan bang cach lap hé phwong trinh, ta tién hanh theo ba buéc sau:

s '

Buoc 1. Lap hé phuwong trinh:
— Chon an va dat diéu kién cho an;

— Biéu dién céac dai lwong chuwa biét theo cac an va
cac dai lwong da biét;

— L&p cac phwong trinh biéu thi méi quan hé gilra cac
dai lrong.
Buée 2. Giai hé phwong trinh néi trén.

Buée 3. Kiém tra xem trong cac nghiém cla hé phwong

trinh, nghiém nao thich hop véi bai toan va két luan. |

) Vi du 1. M6t khu rirng ngap man co dién tich 1a 1 ha. Bang ki

thuat vién tham, ngudi ta wéc lwong sinh khéi trén méat dat cia
rirng nay la 87,2 tan/ha. Nguoi ta @ém duoc trong cac 6 tiéu
chuéan 100 m* ¢6 tong sé 161 cay, trong d6 s6 cay ban bang
15% téng s cay mam va cay duéc. Khdi lwong trung binh cta
mét cay ban 1a 10 kg, cay dudcla 5 kg va cdy mam la 1 kg. Hay
tinh sinh khéi cua tirng loai trén 1 ha ring.

Giai

Poi: 87,2 tan = 87 200 kg; 1 ha = 10 000 m?.

Goi x, y, z theo thir tw |a sO cay ban, cay dwéc va cdy mam
trong 1 ha rirng ngap man noi trén.

100 m? c6 téng sé 161 cay nén 10 000 m co sb cay la

161-M=16 100.
100

Dodéx+y+z=16 100.
Sé cay ban bang 15% téng sé cay mam va cay dwéc nén ta co

15
X—m(yhr) hay 20x -3y -3z=0.

Khéi lwong trung binh cia mét cay ban la 10 kg, cay duwédc
la 5 kg va cdy mam la 1 kg nén ta co

10x + by + z = 87 200.
Vay theo bai ra ta c6 hé phuwong trinh

X+ y+ z=16100
20x -3y -3z=0
10x+5y + z=87200.

Viéc gidi nhiéu bai toan
trong thwc tién dan dén
phai dat an va giai hé
phwong trinh. Cach lam
nhw vay goi la giai bai toan
bdng cach lap hé phwong
trinh.

Rumng ngap mén

Sinh khoi (con goi la sinh
knéi lodi) 1a tong trong
lwong cua sinh vat song
trong sinh quyén hodc so
lwong sinh vat song trén
mot don vi dién tich.

(Theo Sinh hoc 12, Nha xuét
ban Gigo duc Viét Nam,
2017)

Dung may tinh cam tay giadi hé ta dwoc x = 2 100, y = 13 050, z = 950.

Vay sinh khéi ban Ia 10x = 21 000 kg/ha = 21 tan/ha; sinh khéi dwéc la 5y = 65 250 kg/ha
= 65,25 tan/ha va sinh khéi mam la z = 950 kg/ha = 0,95 tan/ha.
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UNG DUNG TRONG HOA HOC

ng dung don gidn nhét cta hé phwong trinh bac nhat trong mén Hoa hoc |1a dé can bang
phuwong trinh phan (*ng hoa hoc. Cac hé phuwong trinh trong trwéng hop nay thuéng cé vé
s6 nghiém va ngudi ta thwong chon nghiém nguyén dwong nhé nhat. Dau tién ta xét phan
(rng gika khi hydrogen tac dung véi oxygen & nhiét dé cao dé tao thanh nuwéc.

, e
) Vidu 2. Can bang phwong trinh phan irng hoa hoc H, + O, — H,0O.
Giai
Gia str x, y, z la ba s6 nguyén dwong thoa man can bang phan (rng
rﬂ'
xH, + yO, —» zH,0.
Vi s6 nguyén tlr hydrogen va oxygen & hai vé phai bang nhau nén ta co hé
{2)( =22
& X=Z=2V.
2y =2

V& mat toan hoc, hé nay co vé sé nghiém, tuy nhién ngudi ta thrdng chon b nghiém nguyén
dwong nhd nhét. Cu thé, chon y = 1 ta dwoc x = z = 2. Tir 6 ta dwoc phuong trinh can bang
r(‘
2H, + O, > 2H,0.

Ta xét mét phan (rng nira rat quan trong trong hoa sinh 1a phan trng quang hop, tirc 1a qué
trinh thu nhan va chuyén hoa nang lvong anh sang mat tréi caa thuc vat tao ra hop chat hiru
co (glucose) lam ngudn thirc &n cho hau hét sinh vat trén Trai Dat.

) Vi du 3. Can bang phuong trinh phan (rng quang hop (dwoi
diéu kién anh sang va chat diép Iuc): - =

CO, +H,0 - CH,O, +0,.
Giai
Giasw x, y, z, t 1a bdn s6 nguyén dwong thod man can bang
phan (rng

XxCO, + yH,0 — zC,H,0, + {O,.

Vi s6 nguyén tlr carbon, hydrogen va oxygen & hai vé phai chit khodng
2 - ” ~ .‘-——'-"'
bang nhau nén ta c6 hé

e

f:ﬁf Quang hop la quéa trinh
X =6z t t thu nhdn va chuyén hoa
2y =12z @ﬁ¥= 5% nang luong nh séng mat
2X +y =62+ 2t tréri cua thwe véat, tao va
Yy
t

TN
ﬁh'}{

_6Z.9 mot sbé vi khuédn dé tao ra
t hop chét hirvu co (dwdng
glucose) phuc vu ban than

o ow Ko Vo X . e cling nhw 1am nguoén thirc
Pat X = t’Y_ 1‘..7.'- 7 ta dwoc hé phwong trinh bac nhét &5 wha ik ks ke shik
ba &n vat trén Trai Dat.

X =862 X-6Z=0 (Theo Sinh hoc 11, Nha xuét
Y =67 hay < Y-6Z=0 ban Gido duc Viét Nam,
2017)

2X+Y=6Z+2 2X+Y-6Z=2.



Dung may tinh c&m tay gidi hé sau cing, tadwoc X =1 Y =1, Z = % T daysuyrax=y=t=62z.
Chon z = 1 ta duwoc x = y = t = 6. Tlr @6 ta dwoc phuong trinh can bang
anh sang
6CO, + 6H,0 —— C,H,,O, + 60,.

UUNG DUNG TRONG VAT LI

Nhiéu bai toan tinh dién tré, cwdng dé dong dién trong Bién hoc; tinh van téc, gia téc trong
Co hoc cling dan dén giai hé phwong trinh bac nhat.

) Vi du 4. (Bai toan tinh cutng dd dong dién) Cho doan mach L
nhw Hinh 1.1. Biét R =25Q, R =36Q, R,=45Qvahiéu dién Ti:l— R,
thé gilra hai dau doan mach U =60 V. Goi /, la cuong d6 dong R KL
dién ctia mach chinh, I, va I,la cwong do dong dién mach ré. R,
Tinh [, [, val,

@ @
Giai U
Tlr so d6 mach dién, ta thdy /, /, va /, 1a nghiém cua hé Hinh 1.1
phwong trinh

L- L,- LL=0 .- - [,=0
Rl + R,l, =U hay <25/, + 361, =60
R, -R.I, =0 36/, — 45/, =0.
Dung may tinh cam tay gidi hé, ta duoc /, =% A I = % Ava [, = g A

) Luyén tip 1. Can bang phwong trinh phan (rng hoa hoc dét chay octane trong oxygen
CiH; +0, » CO, +H,0O.

2. GIAI BAl TOAN CAN BANG CUNG — CAU

Cac nha kinh té hoc da chi ra rang, gia ca cia mot mat hang ban trén thj trwéng phu thude
vao ba yéu to chin!'l. Thl.:r nhat, phu thudc vao gia tri ctia ban than hang hos:fl do6. Th hai, phu
thudc vao gia tri dong tién. Th ba, phu thudc vao quan hé cung va cau vé mat hang do.

Trong thi trwéng nhiéu mat hang, gia cad cia mat hang nay c6 anh hwdng toi gia ca cia
mat hang khac va gia ca clia hang hoa cé anh huwdng dén lwong cung va lwong cau cua thi
trdng. Khi phan tich hoat déng cla thj trwdng hang hoa, cac nha kinh té hoc sir dung ham
cung va ham cau dé biéu thi s phu thudc clia lwong cung va lwong cau vao gia ca hang
hoa. Nguoi ta thwdng phai gidi bai toan can bang gilra cung va cau. Bai toan nay thudng
dan dén viéc gidi hé phuong trinh bac nhat nhiéu an.

Pé don gian, ta xét thi trudng thwe pham gém ba loai méat hang 1a thit lon, thit bo va thit ga.
Khi thit lon dat, thit bo va thit ga ré thi ngui tiéu dung ¢é xu hwéng gidm mua thit lon, ting
mua thit bo va thit ga.

) Ho2.Ki hiéu x, y, z 1an lwot 1a gia cla 1 kg thit lon, 1 kg thit bo va 1 kg thit ga, & day x, y, z> 0
va don vi la nghin déng. Ki hiéu:

b |



Q. lalwong thit lon ma nguoi ban chép thuan ban véi gia x.
1

Qs:, la lwong thit bd ma ngudi ban chap thuan ban véi gia .

ng la lwong thit ga ma ngwoi ban chap thuan ban véi gia z.

QD1 la lwong thit lon ma ngwdi mua chép thuan mua véi gia x.

QDz la lwong thit bd ma nguwdi mua chap thuan mua voi gia y.

QDs la lwong thit ga ma ngwdi mua chap thuan mua véi gia z.

a) Mrc gia thit lon x, thit bd y va thit ga z phai thoa man diéu kién gi dé nguoi ban va
nguwdi mua cung hai 1éng, tirc 1a mire gia hop li nhat?

b) Viét hé phwong trinh rang budc gitra x, y, z & nguwdi ban va nguwdi mua cung hai long.

'3 \

Trong kinh té hoc ngudi ta goi:
— Cac ham QS, QS va ('.JS3 phu thudc vao ba bién gia x, y, z 1a ham cung
1 &
(supply function);
~ Cac ham QD1’ QD2 va Q, phu thuéc vao ba bién gia x, y, z 1a ham cau

3
(demand function);

Q; =Q,
— Hé phwong trinh {Q, =Q, goila hé phuong trinh can bang cung - cau.
Q. =Q
4 - r- J
) Vi du 5. Cho biét:
Ham cung thit lonla Q. = 120 + 2x Ham cau thitlonla Q, =190 - 3x +y - z
L = 1 1 _
Ham cung thit bo la Q, = —200 + 2y Ham cau thit bo & Q, = 440 + 2x — y - 2
Ham cung thit ga la Q_ = -210 + 3z Ham cau thitgala Q, = 260 - x — 2y + 4z
i 3

Hay gidi hé phwong trinh can bang cung — cau.
Giai
-120+2x=190-3x+y -z
Hé phwong trinh can bang cung — cau la {-200+2y =440+ 2x-y -z
-210+3z=260-x-2y + 4z
5x-y+z=310
Thu gon ta dwoc hé phwong trinh <2x -3y — z = -640
X+2y—-z=470.
Dung may tinh cam tay gidi hé, ta duwoc x = 90, y = 240, z = 100.
Vay gia thit lon 90 nghin déng/kg, thit bd 240 nghin déng/kg va thit ga 100 nghin déng/kg la
gia ban hop li nhat.
Cha . Trong thue té, thi tredng hang hoa rat phirc tap vi ¢6 nhiéu mat hang. Khi do, hé
phwong trinh can bang cung — cau la mét hé phwong trinh nhiéu an, nhiéu phwong trinh va
do d6 rat kho gidi. Ngoai ra, gia ca cia hang hoa con phu thudc vao nhiéu yéu té khac nira,
ch(r khéng phai chi la quan hé cung — cau.



) Luyén tip 2. Xét thi tredng hai sén gdm ba mat hang |a cua, tém va ca. Ki hiéu x, y, z lan lwot

20

la gia 1 kg cua, 1 kg tdm va 1 kg ca (don vi nghin déng). Ki hiéu QS1, C.}'S2 va Q53 la lwong
cua, tdm va ca ma ngudi ban bang long ban véi gia x, y va z. Ki hiéu QD1, QDz va QD3 twong
(rng la lwong cua, tém va ca ma ngudi mua bang long mua véi gia x, y va z. Cu thé cac ham
nay dwoc cho boi

Qs =-300+x; Q, =1300-3x+4y -z

Q;, =450 +3y; Q, =1150+2x -5y -z
Q, =-400+2z Q, =900-2x -3y +4z.

Tim mure gia cua, tdbm va ca ma nguwoi ban va nguwoi mua cung hai long.

BAI TAP

1.7. Cho ham cung va ham cau cla ba mat hang nhw sau:

Q, =4+x, Q, =70-x-2y -6z

Qs =3+y; Q, =76-3x-y -4z

QS3 =-6+ 3z CJDg =70-2x-3y - 2z.
Hay xac dinh gia can bang cung — cau cta ba méat hang.
1.8. Em Ha so sanh tudi cta minh véi chi Mai va anh Nam. Tudi cGa anh Nam gép ba
lan tudi clia em Ha. Cach day bay nam tudi clia chi Mai bang nira sé tudi ctia anh Nam.
Ba nam nira tudi cia anh Nam bang tong so tudi cta chi Mai va em Ha. Héi tudi cia moi
nguwdi la bao nhiéu?
1.9. Bac Viét c¢6 330 740 nghin ddng, bac chia sé tién nay thanh ba phan va dem dau tw
vao ba hinh thirc: Phan thir nhat bac dau tw vao chirng khoan véi lai thu duwoc 4% mot
nam; phan thir hai bac mua vang thu 18i 5% mot nam va phan thir ba bac guri tiét kiém voi
|3i sudt 6% mot nam. Sau mét nam, ké ca gbe va lai bac thu dwoc ba mén tién bang nhau.
Hoi téng sé tién ca gbe va lai bac thu dwoc sau mét nam la bao nhiéu?

1.10. Mt tuyén cap treo cé ba loai vé sau day: vé di Ién gia 250 nghin déng; vé di xubng
gia 200 nghin déng va vé hai chiéu gia 400 nghin déng. M6t ngay nha ga cép treo thu
duwoc tong $6 tién la 251 triéu dong. Tim s6 vé ban ra méi loai, biét rang nhan vién quan li
cap treo dém dwoc 680 lvot ngudi di 1én va 520 lwot ngudi di xudng.
1.11. Ba I6p 10A, 10B, 10C cua mét trwdng trung hoc phé théng gébm 128 em hoc sinh
cung tham gia lao déng tréng cay. Tinh trung binh, méi em I&p 10A tréng dwoc 3 cay xoan
va 4 cay bach dan; méi em I&p 108 trong dwoc 2 cay xoan va 5 cay bach dan; mdi em I6p
10C tréng dwoc 6 cay xoan. Ca ba I6p tréng duoc tong cong 476 cay xoan va 375 cay
bach dan. Hoi mdi I16p c6 bao nhiéu em?
1.12. Can bang phwong trinh phan rng hoé hoc dét chay methane trong oxygen

CH, + 0, — CO, +H,0.
1.13. Cho doan mach nhw Hinh 1.2. Goi / la cwong dé dong dién cia mach chinh, l,
,va I, 1a cudng d6 dong dién mach ré. Cho biét R =6 Q, R,=8Q, /=3Aval =2A.
Tinh dién tré R, va hiéu dién thé U gilra hai dau doan mach.
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Hinh 1.2

1.14. Méi giai doan phat trién cla thuc vat can phan bén véi ti 1é€ N, P, K nhét dinh. Bac
An lam virén muon bén phan cho mét cay canh co tilé N : P : K ¢an bang nhau. Bac An
c6 ba bao phan bén:

Baoc 1cotileEN:P:Kla12:7:12.

Bao2cotileN:P:Kla6:30:25.

Bao 3cotileEN:P:Kla30:16:11.
HGi phai trén ba loai phan bén trén véi ti 1€ bao nhiéu dé c6 hén hop phanbon véitilEN: P: K
1a15:15:15?
Chu y rang trén mbi bao phan ngudi ta thwdng viét mét ti 1&€ N : P : K nhat dinh. Chang
han trén bao phan 1 ghitilé N: P: K1a 12 : 7 : 12 nghia Ia ham lwong dam N (nito) chiém
12%, lan P (tic la P,0O,) chiém 7% va kali K (tc |a K.,O) chiém 12%, con cac loai khac
chiém 100% — (12% + 7% + 12%) = 69%.

Em co biét?

Wassily Leontief (1906 — 1999) Ia nha kinh té hoc nguéi My, goc Nga. Ong da dong gép
mét sé |i thuyét sau séc cho kinh té hoc, trong dé md hinh kinh té Leontief dwa 6ng dén
voi gidi thwdng Nobel nam 1973. M6 hinh kinh té
Leontief biéu thi sw phu thudc giira cac nganh san
xuat trong mét nén kinh té bdi mét hé phwong trinh
bac nhat: Xét mét nén kinh t& gdbm n nganh san xuéat
hanghod N, N,, ..., N . D& san xuét, méi nganh can
tiéu thu hang hoa cua ban than nganh minh va céac
nganh khac clia nén kinh té do. Gia siv dé san xuét
ra mét don vi hang hod, nganh N can tiéu thu a

don vi hang hoa clia nganh N (i, je{1, 2, ..., n}).
Van dé dat ra la tinh sé don vi hang hoa ma mbi
nganh trén can san xuat dé sau tiéu thu do san xuét,
nganh N (i {1, ..., n})co thé xuét ra ngoai nén kinh
té ndi trén b don vi hang hoa.

Wassily Leontief (1906 - 1999)
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Goi x,, ... X, twong &*rng |a s6 don vi hang hoa ma cac nganh N,,...,N_ can san
xuat. E}é san xuat x don vi hang hoa, nganh N can tiéu thu a x don vi hang
hoa cua nganh N. Do do, sau tiéu thu do san xuat sb don v hang hoa nganh

N con laila x, —a;x,—---—a,xX,.
Sau tiéu thu do sén xuét, nganh N con b don vi hang hoa nén ta co hé phuong
trinh (véinénla x,...,x, )
X, — 8y, X, — 8, X, —---—a, X, = b, (1-a,,)x, —a,x, —---—a, x, = b,
hay la

X,—--—a X =b -8, X, —8,X, —--+(1—a,, )x, =b,.

Xn_amx1_a 2 nn‘‘n n

nz

Trong trwdng hop n = 3, hé trén sé tré thanh hé phwong trinh bac nhét ba an.

Trong Bai 1, em da dwoc hoc phuong phap Gauss dé gidi hé ba phuong trinh
bac nhat ba an. Phwong phap Gauss con duwoc ap dung cho hé phwong trinh bac
nhat n an, do d6 hé phuwong trinh g&n véi mé hinh kinh té Leontief 1a hoan toan
c6 thé gidi quyét dwoc.

(Theo séch Wassily Leontief (1986), Input-output Economics, Oxford University Press).
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1.15. Giai cac hé phuong trinh sau:

(X+y+z=6 (2x -2y +z=6
a) «x+2y+3z=14 b) 13x+2y+5z=7
3x -2y -z=-4 [ 7x+3y-6z=1
(2x+y-6z=1 (5x+2y-7z2=6
c) ¢3x+2y-5z=5 d) <2x+3y+2z=7
| Ix+4y -17z=T, 9x +8y -3z=1.

1.16. Tim cac sbé thuc A, B va C thoa man
1T A . Bx+C
X +1 x+1 xX*—x+1

1.17. Tim parabol y = ax® + bx + ¢ trong méi trwdng hop sau:
a) Parabol di qua ba diém A(2;-1), B(4; 3) va C(-1: 8);

b) Parabol nhan dwong thang x = g lam truc déi xirng va di qua hai diém M(1: 0), N(5: —4).

1.18. Trong méat phang toa dd, viét phwong trinh dwdng tron di qua ba diém A(0; 1), B(2: 3)
va C(4; 1).

1.19. M6t doan xe ché 255 tan gao tiép té cho ddng bao vung bi 10 lut. Poan xe co6 36 chiéc
gbm ba loai: xe chd 5 tn, xe ché 7 tan va xe chd 10 tan. Biét rang tong sé hai loai xe ché
5 tan va chd 7 tan nhiéu gap ba lan sé xe chd 10 tan. Héi méi loai xe ¢ bao nhiéu chiéc?

1.20. Bac An la chu ctra hang kinh doanh ca phé cho nhirng ngu®i sanh ca phé. Bac
c6 ba loai ca phé néi tiéng ctia Viét Nam: Arabica, Robusta va Moka véi gia ban lan
lwot 1a 320 nghin ddng/kg, 280 nghin déng/kg va 260 nghin ddng/kg. Bac muén trén
ba loai ca phé nay dé dwoc mét hén hop ca phé, sau dé dong thanh cac géi 1 kg, ban
v@i gia 300 nghin déng/kg va lwong ca phé Moka gap dbi lwong ca phé Robusta trong
mdi gbi. Hoi bac can trén ba loai ca phé nay theo ti |&é nao?

1.21. Bac Viét co 12 ha dat canh tac dé
tréng ba loai cay: ngd, khoai tay va dau
twong. Chi phi tréng 1 ha ngd 1a 4 triéu
doéng, 1 ha khoai tay la 3 triéu déng va
1 ha dau twong la 4,5 triéeu ddéng. Do
nhu cau thi treéng, bac da tréng khoai
tay trén phan dién tich gap ddi dién tich
tréng ngd. Téng chi phi tréng ba loai
cay trén 1a 4525 triéu ddng. Hai dién
tich tréng méi loai cay |a bao nhiéu?
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1.22. Can bang phwong trinh phan (rng hoa hoc sau

FeS,+0, —» Fe,O, + SO,.
1.23. Ban Mai c6 ba lo dung dich chira mét loai acid. Dung dich A chira 10%, dung dich B
chira 30% va dung dich C chira 50% acid. Ban Mai lay tir méi lo mét lwong dung dich va

hoa v&i nhau dé cé 50 g hén hop chira 32% acid nay, va lwong dung dich loai C lay nhiéu
gap déi dung dich loai A. Tinh lwong dung dich méi loai ban Mai da |ay.

1.24. Cho doan mach nhw Hinh 1.3. Biét R =36 Q,‘Rzz 45Q, [,=1,5Ala cwong 46 dong
dién trong mach chinh va hiéu dien thé gilra hai dau doan mach U=60 V. Goi / va [, la
cuong do dong dién mach ré. Tinh [, [, va R,

/ R,

1

Hinh 1.3
1.25. Giai bai toan dan gian sau:
Em di cho phién
Anh glri mot tién
Cam, thanh yén, quyt
Khéng nhiéu thi it
Mua di mot tram
Cam ba déng mét
Quyt mét déng nam
Thanh yén twoi tét
Nam déng mot trai.
HG6i méi th(r mua bao nhiéu trai, biét mét tién bang 60 déng?

1.26. M6t con ngua gia 204 déng (don vi tién cb). Co ba ngwdi mudn mua nhwng méi ngud
khoéng dud tién mua.

Nguéi thir nhét néi véi hai ngudi kia: “Mbi anh cho téi vay mét nira sé tién cia minh thi
téi da tién mua ngua’;

Nguwoi thir hai néi: “Méi anh cho téi vay mét phan ba sé tién ctia minh, téi s& mua duoc ngua’”:
Nguwdi thir ba lai néi: “Chi cadn médi anh cho téi vay mét phan tw sé tién cia minh thi con
nguwa sé la cua toi”.

Héi mi ngudi cé bao nhiéu tién?



CHUYEN PE 2
PHUONG PHAP

QUY NAP TOAN HOC.

NHI THUC NEWTON

Chuyén dé nay gidi thiéu phuong phap quy
nap toan hoc (mét phwong phap hiéu qua gé
chirng minh nhirng ménh dé toan hoc phu
thudc s6 tw nhién n) va céng thirc nhij thire
Newton trong trwdng hop tong quat, cling
nhuw nhirng (rng dung phong phu cta chung.

PHUONG PHAP QUY NAP

Thuat ngir i Kién thir, ki ndng
* Ménhdétoanhoc | M ta cac budc chimg minh tinh ding dén cta mét ménh
+ Phwong phap quy dé toan hoc bang phwong phap quy nap toén hoc.

nap toan hoc .+ Chirng minh tinh dung dan cia mét ménh dé toan hoc

bang phwong phéap quy nap toan hoc.

* Van dung phuong phap quy nap dé giai quyét mot s6 van
dé thwc tién.

Trong Toan hoc ta thuwdong phai chirng
minh nhirtng ménh dé phu thuéc vao sb tw
nhién n. Phwong phap quy nap toan hoc la
mét trong nhirng phwong phap rat hiéu qua
dé chirng minh nhirng ménh dé nhw vay.
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1. PHUONG PHAP QUY NAP TOAN HOC

) 1o1. Hay quan séat cac dang thirc sau: i

1+3=4=2°

143+5=9=3?
1+3+5+7=16=47
1+43+5+7+9=25=57

C6 nhan xét gi vé cac sé & vé tréi va & vé phai clia cac dang thirc trén? Tir d6 hay dy doan
cong thire tinh tong cla n so lé dau tién
1+3+5+...+(2n-1).

S6 nguyén t6 la sb tw
) HO2. Xét da thire p(n)=n? —n + 41 nhién I&n hon 1 chi co hai

' P = ' w6 sb 1a 1 va chinh né.
a) Hay tinh p(1), p(2), p(3), p(4), p(5) va ching to
rang cac két qua nhan dwoc deu la s6 nguyén to.
b) Hay dwa ra mot dw doan cho p(n) trong trwvong hop
tong quat.

Chu v. Khang dinh p(n) 1a sé nguyén té véi moi sé tw nhién n = 1 1a mét khang dinh sai. Mac
du khang dinh nay dlng véi n= 1, 2,..., 40, nhwng né lai sai khi n = 41. That vay, véi n = 41
ta co p(41) = 417 1a hop s6 (vi nd chia hét cho 41).

Nhan xét. Dé khang dinh mét ménh @é toan hoc phu thudc sé tw nhién n la dung, ta can phai
chirng minh du da kiém nghiém né véi bao nhiéu gia tri n di niva.
Pé chirng minh tinh ding dan cla nhirng

ménh @& phu thuéc vao sb tw nhién ne N*,

ta khéng thé thir truc tiép véi moi sé tw nhién = o
n e N*, Tuy nhién, ta co thé tién hanh nhu sau: | ’ J ‘ ‘

1. Trwéc hét ta kiém tra ring ménh dé 1a

. . . Phuwong phap quy nap toan hoc déi khi dwoc
duang voi n = 1.

minh hoa mé phéng gén lién v&i tac dung
2. Tachirng minh rang: ttr gia thiét ménh de tudn tw cua hiéu ing domino: Néu
dng o1 SO w nhien 1= k=1, suy ra no ~ Quan domino dAu tién bi d8;
cung dung voin=k+ 1.
— M&i quan domino do kéo theo quéan
domino ké tiép bj do;

thi tat ca c4c quan domino sé bi dé.

Nhw thé ménh dé la dang véi moi sb tw
nhién n e N*.

Phwong phap lap luan trén day goi la phuong phap quy nap toén hoc (thwong goi tat la
phwong phap quy nap).



r \
Chirng minh mét ménh dé toan hoc phu thudc n e N*, dang véi moi n e N*, bang phuwong
phap quy nap toan hoc, gém hai bwéc sau:

Buéc 1. Kiém tra rAng ménh dé la dung véin = 1.
Buéc 2. Gia thiét ménh dé dang véi sé tw nhién n =k > 1 (goi la gia thiét quy nap), chirng
minh rang ménh dé dung véi n = k + 1. Két luan.

o, J

) Vidu 1. Chirng minh rang véi moi sé tw nhién n>1, tacod Ding phwong phdp quy

1+3+5+7+--+(2n-1)=n nap dé chirng minh céng
(1)
thirc thu dwoc sau dw

. doan & HD1.
Giai

Ta chirng minh bang quy nap theo n.
Budéc1.Voin=1tacd 1=1°
Nhw vay (1) dung cho trewong hop n=1.

Budce 2. Gia str (1) dung voi n = k, tirc la ta co
143+5+7+-+(2k -1)= k. > Gia thiét quy nap
Ta sé& chirng minh rang (1) cling dung v&i n = k + 1, nghia |a ta sé& chirng minh
1434547+ +(2k-1)+[2(k+1)-1=(k +1).
That vay, ta co
14345+ 7+, +(2k-N+[2(k +1)-1] =[1+3+5+7+...+(2k-1)]+(2k +1)
=k* +(2k +1) — Theo gia thiét quy nap
’ =k*+2k +1=(k +1).
Vay (1) dung v&i moi so ty nhién n > 1.
) Luyén tip 1. Chirng minh rang véi moi sé tw nhién n> 1, ta co

1+2+3+...+n:n(n2+1).

Chu y. Néu phai chirng minh mét ménh dé& dang véi moi sé tw nhién n > p (p 1a mét sé tw

nhién nao do) thi:
Budc 1. Kiém tra ménh dé la dang véi n = p.
+ Buwéc 2. Gia thiét ménh dé dung véi sé tw nhién n= k> p va chirng minh ménh dé dung
voi n=k+ 1. Két luan.

) Vi du 2. Chirng minh rang véi moi sé tw nhién n > 2, ta ¢ dang thirc
1 1 1 n+1
1o 1= | 1= | = 222
[ 2)[ 3][ nz] 2n @)

Giai. Ta chirng minh (2) bang quy nap theo n.
1 3 2+1
- # — - 1__ = — = — - L L —
Véin=2,taco 22" 2.7 Nhuw vay (2) dung voin = 2.
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Giasw (2) dang véin=k (k = 2), tirc la

(3H)

Ta sé& chirng minh rang céng thirc trén cling ding véi n = k + 1, nghia |a ta sé chirng minh

S R G
2 3 k (k+17 ) 2(k +1)

That vay, str dung gia thiét quy nap, ta co

TN s G

_k+1{1_ 1 )_k+1+(k+1)2—1
2k (k+1?) 2k (k+1y

k1 (k+1-N(k+1+1)  k+2

2k (k +1) 2>k +1)
Vay (2) dung véi moi sb ty nhién n > 2.

) Luyén tip 2. Chirng minh rang v&i moi sé tw nhién n > 2, ta ¢d dang thire

a"-b"=(a-b)@a '+a" *b+...+ab"? +b"").

"' — b = g*' — a*b+a"b - b**!
=a*(a-b)+b(a" - b").

2, MOT SO UNG DUNG KHAC CUA PHUONG PHAP QUY NAP TOAN HOC

Trong muc 1 ta da st dung phwong phap quy nap toan hoc dé chirng minh mét sé dang thirc
phu thudc sé ty nhién n. Dwéi day ta xét mét sé (rng dung khac ciia phwong phap quy nap.

) Vi du 3. Chirng minh rang véi moi sé tw nhién n,
n(n +1)(n +2)luén chia hét cho 3. (3)

Giai
Ta chirng minh (3) bang quy nap theo n.

« Véin=0tacod 0-(0+1)-(0+2)=0, chia hét cho 3.
Vay (3) dung véin=0.

- Gia sl (3) dung voin=k, tirc la

k(k +1)(k +2):3,

ta can chirng minh (3) dung véin = k + 1.

Tlr gia thiét quy nap ta suy ra k(k + 1)(k + 2) = 3m, v&i m 1a sé tw nhién nao dé.
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Khi doé ta co

(k +1)(k +2)(k +3) = (k + 3)(K + 1)(k +2) = k(k + 1)(k +2) + 3(k + )(k + 2)
— 3m +3(k + 1)(k + 2) = 3[m + (k + 1)(k + 2)], chia hét cho 3.
Vay (3) dung véi moi sé tw nhién n.

Nhan xét. Vi trong hai sé tu nhién lién tiép ludn cé mét sé chan nén tir két qua clia Vi du 3
suy ra: Tich cia ba sé tw nhién lién tiép luén chia hét cho 6.
) Vi du 4. Chirng minh rang vé&i moi s6 tw nhién n > 3, ta ¢6
2" >2n+1. (4)
Giai
Ta chirng minh bat dang thirc (4) bang quy nap theo n, véin > 3.
- Voin=3taco 2°>7=2-3+1.
Vay (4) dung véi n=3.

« Gidslr(4) ing voin=k=>3, tirclataco 2 > 2k +1.

Ta can chirng minh (4) dang voi n = k + 1, tlee 1a chirng minh 2" > 2(k + 1)+ 1= 2k + 3.
That vay, theo gia thiét quy nap, ta c6
2122.2552.(2k +1) =4k +2 =2k +2(k +1)>2k +3 do k> 3.
Vay bat dang thirc (4) dang véi moi sé tu nhién n > 3.
) Vi du 5. St dung phuwong phap quy nap toan hoc, chirng minh rang téng cac goc trong caa
mét da giac n canh (n = 3) la (n - 2)-180°.
Giai. Ta chirng minh khang dinh trén bang quy nap theo n, véi n > 3.
+ V&in =3, taco tong ba gbc clia mdt tam giac bang 180° =(3 -2)-180°.
Vay khang dinh ding v&i n = 3.
+ Gia str khang dinh dung véin =k > 3,
ta sé chirng minh né dung véi n=k + 1.

Thatvay, xétdagiac k+1canh AA,...A A, .,
noi hai dinh A, va A ta dwoc da giac k

canh AA,..A. Theo gid thiét quy nap,
tdng cac goc cla da giac k canh nay bang
(k—-2)-180°.

Dé thdy téng cac goc cla da giac
AA,..A A, bang tbng cac goc cla da giac

AA,..A cdng voitbng cac goc cua tam giac A A, A, tirc la bang
(k—-2)-180° +180° = (k —1)-180° =[(k +1) - 2]-180°,
Vay khang dinh dung véi moi da giac n canh, n = 3.



» Van dung (Cdong thire 1&i kép)

Lai suat givi tiét kiém trong ngan hang thuéng duoc tinh theo thé thirc 1&i kép theo dinh ki.
Theo thé thirc nay, néu dén ki han ngudi glri khéng rut 1ai ra thi tién 1&i dwoc tinh vao vén
cta ki ké tiép. Gia sir mot ngudi glvi 6 tién A voi 1ai suat r khong ddi trong méi Ki.
a) Tinh tong s6 tién (cd von 1an 1ai) T,, 7,, T, ma ngudi d6 nhan dwoc sau ki thir 1, sau Ki
thir 2 va sau ki th 3.

b) Dw doan cong thirc tinh tong so tién (ca von lan &) 7, ma nguoi d6 thu duoc sau nki.
Hay chirng minh cdéng thirc nhan dwoc dé bang quy nap.
BAI TAP
2.1. Slr dung phwong phap quy nap toan hoc, chirng minh cac dang thirc sau dung voi
moi s6 tw nhién n > 1.

a)2+4+6+...+2n=n(n+1);

n(n+1)(2n +1)

5 )
2.2. Méi khang dinh sau la dung hay sai? Néu em nghi la né ding, hay chirng minh né.
Néu em nghi |a né sai, hay dwa ra mét phan vi du.

b) ¥ +2°+3° +...+n° =

a) p(n) = — n+ 1114 s nguyén té v&i moi s6 tw nhién n;

b) n*> nvéi moi so tw nhiénnz 2.

2.3. Chirng minh réng n°— n + 3 chia hét cho 3 véi moi sé tw nhién n > 1.
2.4. Chirng minh rang n*— n + 41 1a sé 1é v&i moi sé nguyén dwong n.

2.5. Chirng minh rang néu x > —1 thi (1 + x)" = 1+ nx v&i moi s6 tw nhién n.

2.6.Chotdéng S, = L Il SIS

1.2 2.3 nin+1)

a)Tinh S, S, S,

b) Dw doan céng thirc tinh tdng S, va chirng minh bang quy nap.

2.7. Str dung phwong phap quy nap toan hoc, chirng minh rang sé dwéong chéo cla mét

da giac n canh (n > 4) 1 ”(”2_ 3)

2.8. Ta sé “lap luan” bang quy nap toan hoc dé chi ra rang: “Moi con méo déu cé cung
mau”. Ta goi P(n) véi n nguyén dwong la ménh dé sau: “Moi con méo trong mét dan gém
n con déu cé cung mau’.

Budc 1. V&i n=1thi ménh @& P(1) 1a “Moi con méo trong mét dan gém 1 con déu ¢6 cung
mau”. Hién nhién ménh dé nay la dung!

Budce 2. Gia sir P(k) dung véi mot s nguyén duong k nao do. Xét mét dan méo goém
k+1con. Goichungla M,, M,, ..., M, .. Bo con méo M, , ra khoi dan, ta nhan duoc
mot dan méo gdém kcon la M, M,, ..., M, . Theo gia thiét quy nap, cac con meéo ¢



cung mau. Bay gi¢, thay vi bo con méo M, , tabo con méo M. dé c6 dan méo gém k con

k+1?
la M,, M,, ..., M. Van theo gia thiét quy nap thi cac con méo M,, M,, ..., M, ,cd
cung mau. Cudi cung, dwa con méo M, tr6 lai dan dé cé dan méo ban dau. Theo céac lap

luan trén: cacconméo M,, M,, ..., M, cocungmauvacacconmeo M,, M,, ..., M, ,
c6 cung mau. T d6 suy ra tat cd cacconmeo M., M,, ..., M, , déu cé cung mau.

Vay, theo nguyén li quy nap thi P(n) dung v&i moi sé nguyén duong n. N6i riéng, néu
goi N la s méo hién tai trén Trai Dat thi viéc P(N) ding cho thay tat ca cac con méo (trén
Trai Dat) déu cé cung mau!

T4t nhién |a ta cé thé tim dwoc cac con méo khac mau nhau! Theo em thi “lap luan” trén
day sai & chd nao?

Em c6 biét?

« Phuwong phap lap luan bang quy nap khong phai la mét phat minh cia moét ca
nhan tai mot thoi diém cb dinh nao. Ngwei ta cho rang cac nha toan hoc Hy Lap
da biét toi nguyén li quy nap, nhung khéng that sw ré rang.

« Lap luan bang quy nap |an dau tién xuat hién mét cach twdng minh trong cubn
sach Arithmeticorum Libri Duo nam 1575 cia nha toan hoc va thién van hoc
nguoi Y Francesco Maurolico (1494 — 1575).

« Nha toan hoc nguwoi Anh John Wallis (1616 — 1703) dwoc coi la ngwoi dau tién
st dung thuat nglr quy nap.
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Thuat nglr
. Tam gi4c Pascal .
+ Hésb :

* Nhj thirc Newton

) 5 imcranon

Kién thire, ki ndng

Xac dinh cac hé sb trong khai trién nhi thirc Newton
théng qua tam giac Pascal.

Khai trién nhi thirc Newton (a + b)" béng céach sir dung tam
giac Pascal hodc str dung cong thirc té hop.

* Xacdinh hé sb clia x* trong khaitrién (ax + b)" thanh da thirc,

Quan sat cac khai trién nhi thirc Newton sau:

(a+b) =1 1

(a+b) =1a +1b 11

(a+b)’ =1a° + 2ab + 1b* 1 2 1

(a+ b)’ =1a° + 3a’b + 3ab* + 1b° 1 3 ) 1
(a+b) =1a* +4a’b + 6a°b* + 4ab’ + 1b* 1 4 6 4 A1
(a+b)’ =1a° + 5a*b +10a°b? + 10a’h® + 5ab* + 1b° 1 5 10 10 5 1

Cac hé sé trong khai trién clia (a + b)" tao thanh tam giac nhw & hinh trén. Co thé xac dinh
duwoc mot hang bat ki clia tam gidc nay va do dé tinh dwoc cac hé sé hay khéng?

1. TAM GIAC PASCAL

) woi.Khaitrién (a+ b)", ne {1; 2; 3; 4; 5)
Trong Bai 25 SGK Toan 10 (bd sach Két néi tri thic véi cude sbng), ta da biét:
(a+b) =a+b
(a+b)’ =a* +2ab + b*
(a+b)’ =a° +3a’b + 3ab? + b®
(a+b)* =a* +4a’b+6a’b? +4ab’ + b*
(a+b)’ =a° +5a’b +10a°b* + 10a°b® + 5ab* + b°
Véi n e {1; 2; 3; 4; 5}, trong khai trién ctia méi nhi thirc (a + b)":
a) Co bao nhiéu sé hang?
b) Téng sé m{i clia a va b trong mdi sé6 hang bang bao nhiéu?

c) Sé m(i clia a va b thay ddi thé nao khi chuyén tir sé hang nay dén sé hang tiép theo,
tinh tw trai sang phai?



-
Trong khai trién cta (@ + b)" (v&i n=1, 2, 3, 4, 5):
1. Co n+ 1 s6 hang, sbé hang dau tién la a" va sé hang cudi cung 1a b".
2. Téng sé mi cua a va b trong mdi sé hang déu bang n.

3. S6 mii cla a gidm 1 don vi va sé mii cla b tdng 1 don vi khi chuyén tir sé6 hang nay

dén sé hang tiép theo, tinh tir trai sang phai.
\ J

Tl nhiPng quan sat nay ta co6 thé dy doan, chang han:
(a+b)y° =a°+7a’b+?a'b®>+?a’b* +?2a’b" + 7ab’ + b°.
O day dau “?” dé chi cac hé sé chwa biét. D& hoan thanh khai trién, ta can xac dinh cac hé
sO nay.
J Ho2. Tam giac Pascal

Viét cac hé sé cla khai trién (a + b)" véi moét sé gia tri dau tién cha n, trong bang tam giac sau
day, goi la tam gidc Pascal

(a+b)’ 1

1

1

(a+b]2 \zj
(a+b) 1\ L{,2\”(,1 —>1+1=2
(a+b)y 1, 43, g 1 5>1+2=3

4 o —
(a+b) 1\;{4‘3 ..{6\; A —-1+3=4,3+3=6
(a+b) 1 5 10 10 5 1

Hang dau quy wdc goi la hang 0. Hang n (rng véi cac hé sé trong khai trién nhi thirc (a + b)".

Trong tam giac Pascal:

Moi sé (khac 1) déu la tbng cua hai sé & ngay phia trén no.

Twr tinh chat nay ta c6 thé tim béat ki hang nao cua tam giac Pascal tir hang & ngay phia trén
né. Chang han ta coé thé tim hang 6 tir hang 5 nhuw sau:

(a+b) 1 5 10 10 5 1
N YN YN N N
(@+b)° 1 6 15 20 15 6 1 ->1+5=6,5+10=15,10+10=20

A1
\ﬂ Tim cac hang 7 va 8 cua tam giac Pascal.

) Vidu1. St dung tam giac Pascal viét khai trién cla (a + b)°.
Giai
Khai trién cla (a + b)® cé dang
(@a+b)° =a’ +?a°b+?a‘b® +?a’b’ + 2a’h* + 2ab’ + b°.
Céc hé sé trong khai trién nay la cac hé sé & hang 6 clia tam giac Pascal. Do d6 ta cé ngay
(a+b)® =a° +6a°b +15a*b? + 20a°b® + 15a’b* + 6ab°® + b°.



) Vi du 2. Str dung tam giac Pascal viét khai trién cua (3 — 2x)°.
Giai
Ta viét khai trién cuta (a + b)° rdi sau d6 thay a = 3, b = —2x vao khai trién nhan duorc.
Dwa vao hang 5 cua tam giac Pascal, ta co
(a+b)’ =a’ +5a’b+10a’h* +10a’h’ + 5ab* + b°.
Véia=3, b=-2x, ta dwoc
(3-2x)° =3°+5-3*(-2x)+10-3*(-2x)? +10- 32(-2x)* +5-3(-2x)* + (-2x)°
=243 -810x +1080x* —720x” + 240x* —32x°.

) luyén tip 1. a) S dung tam giac Pascal viét khai trién clia (a + b)'.
b) Sl dung tam giac Pascal viét khai trién ctia (2x — 1)*.

Duéi day ta sé xay dung céng thirc cho phép xac dinh truc tiép hé sé bét ki trong khai trién
(@a+b)"

) 1oz, Tinh chét cua cac sé C*
a) Quan sat ba dong dau, hoan thanh tiép hai dong cubi theo mau:

(@a+b) =a+b=Cla+Clb
(@a+b) =a° +2ab+b” =Cja’ +C,ab + C;b’
(@a+b)’ =a’ +3a’b+3ab” + b° =Cia’ + Cja’b + Clab® + Cib°
(a+b)' =a" +4a’b+6a’bh® + 4ab’ +b* =...
(a+b)’ =a’ +5a°b+10a’b® +10a’b* + 5ab’ + b° =...

Nhan xét rAng cac hé sé khai trién cla hai s6 hang cach déu sé hang dau va sé hang

cudi luén bang nhau. Hay so sanh, chang han, C] va C?, CZ va C2. Tlr 46 héy du

doan hé thirc gitra C* va C! “ (0<k <n).

b) Dwa vao két qua clia HD3a, ta cé thé viét nhirng hang dau clia tam giac Pascal dwdi dang:

(@a+b) G

(a+b) c® ¢

(@+by c; C C

(@+b)’ 2 o ¢

(@ +b)’ c ¢ ¢ ¢ c
(a+b)° e ¢ e &g o o

T tinh chat clia tam giéc Pascal, hdy so sanh C’ +C, va C}, C, +C; va C),... Tlr @6
hay duw doan hé thirc gitra C*/ + C* , va C*.



Tinh chét cta cac s6 C*:

. C¥=C"* (0 < k < n) (Tinh chat déi xirng).

« C/+Cr, =C! (1<k < n) (Hé thirc Pascal).

A

A1) b
g Hay chirng minh cac céng thirc trén bang cach st dung cong thirc tinh sé cac té hop.

2. CONG THUC NHI THUC NEWTON

) H04. Quan sat khai trién nhi thirc cla (a+ b)" véi n e {1; 2; 3; 4; 5} & HD3, hay dw doan coéng
thire khai trién trong treéng hop tdng quat.

[ (@+b)" =C°" +Cla" 'b+...+C"'ab" ' + C"b". (1)}

Chdng minh
Ta chirng minh (1) bang quy nap theo n.
Khin=1, taco
(@a+b)' =a+b=C’a+Cb.
Vay cong thure (1) dang khin=1.
« Giastr (1) dung véin=m, tirc la ta co
(@+b)y"=C’a" +Cla™'b+...+C™'ab™" + C"b™.
Ta sé& chirng minh rang (1) cling dung khin=m+ 1, tirc la
(@a+b)y™=C> @™ +C, @"b+...+CI ab” + CI1p™". (2)
That vay, ta co
(@+b)""=(a+b)"(a+b)
=(Cpa" +Cpa" b+ ..+ Cra™*b" +...+ Cp 'ab™ '+ C1b™ )(a + b)
=(coa” +Cpa” b+..+Cla" b +..+Cp 'ab™ '+ Cb" )a +
- (C,‘f,a’“ +Ca" b+..+Cta" "b" +...+Clab™ " + Clb" ) b
=Cpa™" +(C), +Cp)a"b +...+(Ch +Cx)a™ b  +...+(Cp +C ") ab™ + Crb™ ",

Vi Gt =1=C°

. Cr=1=Cl",Cs +C."'=C, ,néntaco (2).

mi1? mi1?
Vay céng thirc nhi thirc Newton la dung véi moi sé nguyén duong n.
Chii . S6 hang thir (k + 1) trong khai trién clia (@ + b)" thanh dang (1) 1a T, = Cka"*bX.
) Vi du 3. Viét khai trién nhi thirc Newton (a + b)°.
Giai

Ta cé
(@a+b)° =CJa" +Cia’b +Cia'b® + Cia’b’ + Cja’h* + Cjab® + C¢b°

=a% + 6a°b + 15a*b? + 20a’b® + 15a’b" + 6ab® + b".
Nhuw vay, ta tim lai dwoc két qua cta Vi du 1, nhwng bang phuong phap khac.



Chay. Vi Cf =CZ" (0 <k <6) nén ta chican tinh CJ,C.,CZ,C; va dung tinh chat nay dé suy
e Cs.Co,Cs-
) Vi du 4. Khai trién biéu thirc (3x - 2)*.
Giai
Theo cong thuwe nhi thiree Newton, ta co
(3x-2)" =C{(3x)" + C;(3x)’(-2) + CZ(3x)*(-2)* + C; (3x)(-2)’ + C, (-2)"
=81x* —216x> + 216x° —96x +16.
) tuyén tip 2. Khai trién (x —2y)°.

”~

S6 hang chira x* trong khai trién clia (ax + b)" la C™*(ax)"b"™* hay C, “a*bh™"x".
Do d6, hé sé cla x*trong khai trién clia (ax + b)" la C” *a*b" .

L

) Vidus. Tim hé sé cla x* trong khai trién cda (x + 2) ™.
Giai. S6 hang chira x* trong khai trién cla (x +2)"° 1a C/J “x“2"° .
86 hang chira x* (Png v&i k = 4, tlrc 1a s6 hang C;, x“2° hay 13 440x".
Vay hé sé cla x“trong khai trién cua (x + 2)"°1a 13 440.
) Luyén tip 3. Tim hé s cla x’ trong khai trién thanh da thirc clia (2 — 3x)™.
) Vidué. Tim s6 nguyén dwong n thoa méan
C’3"+C!3""+..+C"'3+C =64.

Giai. Nhan thay vé trai clia dang thirc trén c6 chira cac luy thira cia 3 nén ap dung khai trién
nhi thire Newton cho (x + 3)" ta duwoc

(x+3)"=C,3"+C,3"'x+...+ C,"3x"" + C/x".
Cho x = 1 ta duoc
4" =(1+3)" =C°3" +C!3™" + ...+ C"'3+C" =64 = 4°.

Vay sb nguyén dwong can timlan=3.

) Vin dung (Sé céc tap con cda tap hop cé n phéan ti)
a) Viét khai trién nhi thirc Newton cua (1 + x)".
b) Cho x = 1 trong khai trién & cau a), viét dang thirc nhan dwoc. Giai thich y nghia cla

dang thirc nay voi lvu y rang C; (0 < k < n) chinh 1a sé tap con gdm k phan tir cla
mot tap hop cd n phan t.

¢) Twong tw, cho x = —1 trong khai trién & cau a), viét dang thirc nhan dwoc. Gidi thich y
nghia cGa dang thirc nay.



BAI TAP
2.9. Str dung tam giac Pascal, viét khai trién:

a) (x-1); b) (2x-3y)".

Viét khai trién theo nhi thirc Newton:

a) (x+y)% b) (1-2x)°.

11. Tim hé sb cla x® trong khai trién ctia (2x + 3)™°.

3 49
fxm w

s | %

Biét hé sé cla x? trong khai trién clia (1 — 3x)" 1a 90. Tim n.
T khai trién biéu thire (3x — 5)* thanh da thire, hay tinh téng cac hé sé cia da thirc

nhan duoc.

.14. Tim hé sé cta x° trong khai trién thanh da thire clia biéu thire

N A0

S B

iL e

3. Biétrang (2 + x

x(1-2x)° + x*(1+ 3x)".
Tinh téng sau day:
Czﬂﬂm - 2(-";021 +2° 05021 N 2363()21 g 220?1022322:'
Tim sé tw nhién n thod man
o e i SRR
Tim s6 nguyén dwong n sao cho
C) +2C) +4C? +...+ 2"C" = 243.

) =a, +ax+a,x" +...+a,,x"°. VOigiatrinaocta k (0 <k <100)

thi a_Ion nhat?

Em c6 biét?

L ]

Tam giac Pascal duwoc dat tén theo nha toan hoc
ngu®i Phap Blaise Pascal. Ong la ngwdi c6 ¢dng
I&n trong viec m& ra hai linh vwee méi trong toan
hoc 1a Hinh hoc xa énh va Li thuyét xac suat.

That ra tam giac Pascal da dwoc nghién curu tw
nhiéu thé ki trwéc d6 bdi cac nha toan hoc An D9,
Ba Tw, Trung Hoa, Brc, Y.

Blaise Pascal (1623 —1662)

Nhi thirc Newton duwoc dat tén theo nha bac hoc
nguw®i Anh Isaac Newton. Ong duoc biet den nhw
mét trong nhirng nha toan hoc vi dai nhat ctia moi
thoi dai, déng thdi la mét trong nhirtng nha khoa
hoc ¢6 anh hwéng nhét trong lich st khoa hoc.
That ra cong thirc noi tdi dwoc biét dén tr truwdre.
Newton la nguwdi cd cdng mé réng codng thire cho
trwdng hop n la sé thuce!

Isaac Newton (1643 —1727)
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BAI TAP CUOI CHUYEN DE 2

2.19. Chirng minh rang véi moi sé tu nhién n> 1, tacd
2.224+3:22+4.2°+...4(n+1)-2"=n.2™",

2.20. Pat .S‘n=l+l+--.+ 1 :

13 35 (2n-1)(2n +1)

a)Tinh S, S, S,

b) Du doan céng thirc tinh téng S va chirng minh né bang quy nap.

2.21. Chirng minh rang v&i moi sé tw nhién n, ta c6 10°™" + 1 chia hét cho 11.

2.22. Chirng minh rang véi moi sé tw nhién n > 2, ta cé

5'>3"+4".
2.23. a) Khai trién (1 + x)'. b) So sanh (1,1)"” va 2.
2.24. Tim hé sé cla x° trong khai trién thanh da thirc cla
(2x —3)'".

2.25. Khai trién da thire (1 + 2x)' thanh dang
a, +ax +a,X’ +..+a,x".
Tim hé s6 a, I6n nhat.
2.26. Chirng minh rang
Cy, +C2 +C; +..+Cl =C) +C: +C; +..+C.
Ap dung: Tim sé nguyén dwong n thod man
C,,+C3 +..+C"=2048.
2.27. Tim gia tri 1&n nhét trong céac gia tri
¢, ¢, ... G .
Ap dung: Tim hé sé I&n nhét clia khai trién (a + b)", biét rang tdng cac hé sé clia khai trién
bang 4 096.
2.28. Tim s hang c6 gia tri I&n nhét cla khai trién (p + g)" véi p>0,9>0, p+q=1.




CHUYEN DE 3
BA DPUGNG CONIC

VA UNG DUNG

.'._'l_!..l I".ll
a a J"l,..

dwdng do.

5 st i

I'-ll-'n- E5

Ta da biét dinh nghfa va phwong trinh chinh téc - :‘"—_".‘wfr
clia ba dwdng conic. Chuyén dé nay sé dwa em
t¢i nhirng hiéu biét sau hon ve céac yéu to dac s e
trwng, hinh dang va mét sé &ng dung cua ba e =5 - Eﬁ'-—- =

AR

Thuat nglr
»  Truc ddi xirng,
tam ddi xrng :
» Binh, tryc Iém, truc nhé
+  Duwong chuén, ;
tam sai
» Ban kinh qua tiéu

* Hinh chir nhat co sd&

M&i hanh tinh trong hé Mat Tréi chuyén déng
theo mét quy dao hinh elip nhan tdm Mat
Trdi 1a mot tiéu diém. Khodng cach I&n nhét
va nhdé nhéat tlv Trai Dat dén tam Mat Troi
twong rng khoang 152:10° km va 147-10° km
(theo nssdc.gsfc.nasa.gov). Liéu co lap duoc
phwong trinh chinh tac clia elip 1a quy dao cua

Trai Dat?

Kién thire, ki nang
« Xac dinh cac yéu to6 dac trwng caa elip (ellipse) khi biét
phwong trinh chinh tc.

«  Giai quyét mét s6 van dé thwe tién gan véi elip.




1. HINH DANG CUA ELIP

» 11, Cho elip c6 phwong trinh chinh the X+ % =1 (H.3.1).
a’
a) Tim toa d6 cac giao diém cua elip voi cac
truc toa do.

b) Hay giai thich vi sao, néu diém M(x_; y,) thudc

elip thi cac diém co6 toa @6 (x,; —yﬂ) (=X, ¥,
(- X, —yﬂ) cung thudc elip.

c) V&i diém M(x, y,) thudc elip, hay so sanh
OM? voéi a°, b°.

Q B [-b R

Hinh 3.1

2 2
Cho elip c6 phuong trinh chinh téc > + g—z 1. Khi d6
=

« Elip ¢6 hai truc dbi xirng la Ox, Oy va tam dbi xirng la gbc toa dd O.

- Cacdiém A (-a; 0), A.(a; 0), B,(0; -b), B (0; b) duoc goi la cac dinh.
« Céc doan thang A A, B B tuong ung duoc goi la truc lon, truc nho.
+ DG dai truc Ion, truc nhd twrong rng la 2a va 2b.

« b< OM<avoi Mthubce elip.

+ Hinh chi¥ nhat véi bén dinh P(-a; b), Q(-a; —b), R(a; —-b), S(a: b) goi la hinh chi
nhat co so cua elip.

\ J
x? yE‘
P Vidu1i. Cho elip +=—=1. Tinh @ dai cac truc Y1
100 25 B
va toa d@d cac dinh cua elip dé. ~
Giai
Céc truc 16n, truc nhé cla elip twong tng (H.3.2) ¢6 A A, X
do dai 2a =2+100 =20 va 2b =225 =10.
Do d6, elip c6 céc dinh 1a A (-10; 0), A(10; 0), B,
B.(0; -3), B,(0; 5). ‘
Hinh 3.2

) Luyén tdp 1. Viét phrong trinh chinh tac cla elip véi @6 dai truc Ién bang 10 va tiéu cw
bang 6.
y’

» Vi du 2. Cho elip cé phwong trinh chinh thc X+ s =1. Chirng minh rang, cac diém thuoc elip
a’

va khac dinh déu nam trong hinh chi* nhat co s&, con bén dinh ctia elip 1a trung diém cla cac
canh cua hinh chir nhat do.

40



Giai

2
Goi M(x,; y,) 1a mét diém thuéc elip. Do —2 + J;“ =1 nénx <a’, y, <b’ vanéu x’ = a’ thi
a

y,=0, néu y; = b’ thi x,=0.Vay hoac -a <x,<a, -b <y, <bhoac cap (x_; y,) la mét trong
bén cap (-a; 0), (a; 0), (0; -b), (0; b). Tl d6, ta c6 diéu phai chirng minh.

Y
B
= 2 b S
A A
== o) a X
Q B [-b R
Hinh 3.3

Chu y
Khi ti s6 2 cang nhé (cang gan vé 0), thi hinh chi¥ nhat co s& cang “det” va elip cang “gay”.
a

Khi ti s6 b cang Ién (cang gan téi 1), thi hinh chir nhat co s& cang gan véi hinh vuéng va
a

elip cang “béo” (cang gan duwéng tron) (H.3.4).

b

a

. (320

T
_

oo
Bl =
o~

Hinh 3.4

» Luyén tip 2. {Phép co dwong tron). Cho dwong tron cé phwong trinh x* + y2 a’vasb k
(0 < k <1). V&i mbi diém M(xﬂ, ¥,) thudc dwong tron, goi H(x,; 0) la hinh chiéu vudng géc
ctia M 1én truc Ox va N |a diém thudéc doan MH sao cho HN = kHM (H.3.5).

a) Tinh toa d6 cuia N theo x; y; k.
b) Chirng minh rang khi diém M thay déi trén dwdng tron thi N thay dbi trén elip cé

2 2

. , g X y
hwong trinh chinh tac + =1.
PR 7 (kay
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Chay M
Ngudi ta néi: Phép co vé truc hoanh hé sb k bién dwéng tron 1 A
x° + y° = @’ thanh elip c6 phwong trinh X 4 : =1. o) & 2-—
a’  (ka) 1
Hinh 3.5

2. BAN KiNH QUA TIEU, TAM SAI VA PUONG CHUAN

) Ho2. Cho elip cé hai tiéu diém F.(-c; 0), F (c; 0) va do dai truc Ion bang 2a va diém M(x; y).

a) Tinh MF? - MF?
b) Khi diém M thudc elip (MF, + MF, = 2a), tinh MF, - MF,, MF,, MF,

( \
. R E N e o _
Cho elip c6 phwong trinh chinh tac 7 +?=1, voi cac tieu diém F (-c; 0), F (c; 0)
(v6i ¢ =a® - b? ). Véi diém M(x; y) thudc elip, ta cé MF, = a+ > x, MF, —a- < x.
a a
Céc doan thang MF,, MF, dwgc goi | ban kinh qua tiéu cia M.

L .

) Vi du 3. Cho elip ¢6 phuong trinh chinh téc X + 4 =1. Tim cac diém trén elip & khoang cach

a® b

tlr diém d6 dén tiéu diém F, twong (rng dat gia tri nhd nhat, Ion nhét.
Giai. Elip ¢6 nira tiéu cu 1a ¢ = va® — b?. V6i mbi diém M(x; y,) thudc elip, ta c6 ban kinh

qua tiéu ciia M (ng voi tiéu diém F. la MF, = a+£xu. Mat khac M(x ; y,) thuoc elip nen
a

-a<x,<a. Dodo, a-c<MF, —3+§Xa <a+c. Honnlta, MF, =a-c < x, =-a, y,=0va

MF, =a+c < x, =a, y,=0. Vay MF, nhé nhét khi diém M trung dinh A (-a: 0) va MF. Ion

nhét khi diém M trung dinh A ,(@; 0) cua elip.

Chay Ban kinh qua tiéu c6 do dai

Tuong tw Vi du 3, khoang cach tir M dén tiéu diém F, 12 nhé Ién nhat bang nira tong cla

dd dai truc lén va tiéu cw,
:h(::ltakl"g)m trung dinh A (a; 0) va Ion nhat khi M trung dinh VA c6 a0 dai nhé nhit béng

nwra hiéu cua do dai truc I&n
va tiéu cw.

2 2
) Luyén tip 3. Cho elip ;—6+;—U= 1, didém M thay ddi trén elip. Hdi khoang céach tir M t6i

42

mot tiéu diém cua elip I&n nhéat bang bao nhiéu, nhé nhéat bang bao nhiéu?



) Vin dung 1. Véi thdng tin dwoc dua ra trong tinh huéng mé dau, lap phwong trinh chinh tac cla
elip quy dao cua Trai Dat, voi 1 don vi do trén mat phang toa dé (rng véi 10° km trén thuc té.

2 2

) Ho2. Cho elip co6 phwong trinh chinh tac x—z +% =1, v&i cac tiéu diém F.(-c; 0), F(c; 0), ¢
a
2 2
day ¢ =va’ - b’ (H.3.6). Xét cac dwong thang A, : x =2 3 Ry i X= a
c c

MF - MF, theo a va c.

V6i diém M(x. y) thudc elip, tinh cac i s6 ——'— va —22
ol diem Mix; y) thuocelip, tinh cac S0 sy Y2 G, a)

Hinh 3.6

2 2

Cho elip cé phwong trinh chinh tac x_g +% =1, v&i cac tiéu diém F (=¢; 0), F,(c; 0) (voi

a
e=+a? - b?).

Khi diém M(x; y) thay @i trén elip, ta luén co al— R khéng déi, trong do
diM, &)  d(M, A,)

. =% dwoc goi la tam sai cua elip.

a
a b a # ) & ol ¥ F o w b
« A x=-ZvaA,: x== duoc goi la cac dwdng chuan twong (ng voi F,vaF,
e e
L cua elip. 5
Chuay

e Tam sai e cua elip 1a mét sé duwong nhd hon 1.
» D06 dai cac ban kinh qua tiéu clia diém M(x; y) thudc elip con dwoc viét dwédi dang
MF, = a + ex, MF, = a — ex.

2 2
) Vidu 4. Cho elip 2—4 + g—g = 1. Tim tam sai, tiéu diém va cac dwdng chuén cla elip.
Giai
Tacoa’=64, b*=39.Suyra a=8, b=+/39 vac=+va’-b’ =5.
Vay elip c6 hai tiéu diém Ia F (-5; 0), F,(5; 0) vatam saila e = c_>_ 0,625. Pwéng chuan

a 8
(rng v&i tiéu diem F_1a A, x = —% va dwong chuan (rng voi tiéu diém F, 1a A, : x =



2 2

) Luyén tip 4. Cho elip c6 phuong trinh chinh tic ;_6 " ;’_5 ~1. Tim tam sai va cac dwdng chudn

cua elip. Tinh cac ban kinh qua tiéu ctia diém M thudc elip va cé hoanh dé bang —2.

f 2 2 2
Nhan xét. Trong phwong trinh chinh tac cta elip, vi tam sai e = ¢ :E'.—_',":l = !’1—[2]
nén: \/a—z a

a
« e cang nhd (cang gan vé 0) thi 2 cang Ién va do d6 elip cang “béo” (cang gan dudng

tron);
+ e canglén (cang gan téi 1) thi — cang nhé va do dé elip cang “det” (H.3.7).

Hinh 3.7
) Vin dung 2. Mat Trang chuyén déng theo mét quy dao hinh elip nhan tam Trai Dat 1a mét
tiéu diém. Cac khoang cach I&n nhat va nhé nhét tlr cac vi tri ciia Mat Trang dén tam Trai
Dét twong (rng 1a 400 000 km va 363 000 km (theo nssdc.gsfc.nasa.gov). Tim tdm sai cla
quy dao elip.

BAI TAP

3.1.Choelip >~ + ¥ -1,
12 4

a) Xac dinh cac dinh va dé dai cac truc cua elip.

b) Xac dinh tam sai va cac dwéng chuan cua elip.

c) Tinh cac ban kinh qua tiéu ctia diém M thudc elip, biét diém M cé hoanh dd bang —3.
3.2. Viét phwong trinh chinh tac cuda elip trong méi trvdng hop sau:

a) Do dai truc I&n bang 8, tiéu cw bang 6;

V3

b) D6 dai truc I6n bang 8 va tam sai bang 5
%
3.3. Choelip — +—=1.
P95
a) Qua tiéu diém cua elip vé duwdng thang vudng goc véi truc Ox, cat elip tai hai diém A va B.
Tinh d6 dai doan thang AB.

b) Tim diém M trén elip sao cho MF, = 2MF, v6i F, va F, la hai tiéu diém cla elip (hoanh
dé cua F, am).



3.4. Buong tron phu cua hinh elip la dwong tron ¢6 dwong kinh la truc nhé cda elip
(H.3.8). Do d6, duwdng tron phu la dwéng tron I6n nhat cé the nam bén trong mét hinh
2 2

elip. Tim phwong trinh dwdng tron phu cla elip x_2 + }"_2 =1va chirng minh réng, néu diém

M(x; y,) thudc elip thi di ém N( X yﬂ] thudc dwdng tron phu.

Hinh 3.8

3.5. Voi tam sai khoang 0,244, quy dao elip cua sao Diém Vwong “det” hon so voi quy
dao cla tdm hanh tinh trong hé Mat Troi (xem Em co biét? & cudi bai). Nira dd dai truc
I&n cla elip quy dao la khoang 590 635.10° km. Tim khoang cach gan nhét va khoang
cach xa nhét gilra sao Diém Vuwong va tam Mat Troi (tiéu diém cla quy dao) (theo nssdec.
gsfc.nasa.gov).

3.6. M6t phong thi tham c¢6 tran vom elip véi hai tiéu diém & dd cao 1,6 m (so voi mét
san) va cach nhau 16 m. Dinh cua mai vom cao 7,6 m (H.3.9). H6i am thanh thi tham tw
mot tiéu diém thi sau bao nhiéu giay den dwoc tieu diém kia? Biét van toc am thanh la
343,2m/s va lam tron dap sé toi 4 chiv s6 sau dau phay.

16 m 76 m

il — = = = -

Hinh 3.9

Em cé biét?

« Duwa vao tinh chat quang hoc cla elip, nguoi ta da thiét ké cac phong thi tham
(whmpenng gallery), v&i mai vom elip hoac cac buc twong elip dé hai nguoi
dwng & hai tiéu diém, du khong gan nhau, van co thé thi tham dwoc voi nhau.,
Chéang han, trong phéng thi tham hinh elip tai Bao tang khoa hoc va céng nghiép
Chicago, Hoa Ky, hai ngu¢i dirng ¢ hai tiéu diém cua elip (trwéc cac tdm kinh
elip) cach nhau khoang 13 m van co thé néi chuyén thi tham véi nhau, vi khi gap
tdm kinh va céc birc twdng, am thanh da phan xa va héi tu vé vi tri noi ngudi
nghe dung.
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Mac du cac hanh tinh trong hé Mat Tréi chuyén déng theo cac quy dao elip
(H.3.10a) nhan tam Mat Trdi la mét tiéu diém, nhwng véi cac tdm sai rat nhé, nén
cac quy dao nay rat gan voi dwong tron. Tam sai cta quy dao tam hanh tinh quen
thudc trong hé Mat Tréi nhw sau: Kim tinh: e = 0,007; Méc tinh: e = 0,049; Thuy
tinh: e = 0,205; Thé tinh: e = 0,055; Hoa tinh: e = 0,094; Trai PBat: e = 0,017; Hai
Vuong tinh: e = 0,011; Thién Vwong tinh: e = 0,046 (theo nssdc.gsfc.nasa.gov).

Hinh 3.10a Hinh 3. 101

Ngoai dinh luat ve quy dao elip cua cac hanh tinh trong hé Mat Troi, Kepler

con co cac dinh luat ndi tieng va quan trong sau day vé chuyén dong cuia cac

hanh tinh:

> Trc:ng qua trinh chuyen ddéng quanh Mat Tréi, ban kinh qua tiéu cda hanh tinh
(Png voi tiéu diém tai tam Mat Troi quet nén nhirng hinh cé dién tich bang
nhau trong nhirng khodng théi gian bang nhau (H.3.106).

» Binh phwong chu ki quy dao (thdi gian di hét mét vong quy dao) cia mét hanh
tinh ti 1€ v&i lap phwong nwa do dai truc Ién cua elip quy dao.

Sau Kepler khoang tam thap ki, Newton da chi ra rang, cac dinh luat vé

chuyén déng va BPinh luat van vat hap dan cua éng kéo theo ba dinh luat néi

trén cua Kepler.



HYPEBOL

Thu3t ngir . Kién thic, ki ndng

» DBinh, truc thye, truc ao ’
«  Puwong chudn, tam sai (hyperbola) khi biét phwong trinh chinh tac cta no.

Xac dinh cac yéu td dac trwng cua dwéng hypebol

* Giai quyét méot s6 van dé thwe tién gan véi dwong

* Ban kinh qua tiéu hypebol.

* Hinh chi¥ nhat co s¢
* Puwong tiém can

Sao chéi Borisov (2I/Borisov) chuyén dong
theo quy dao hypebol véi tdm sai khoang
3,3567 (theo: minor planetcenter.net), chi
di vao hé Mat Tréi mét lan, khéng quay lai
(H.3.11). Chi véi théng tin tdm sai, may tinh
da co thé vé dwoc hinh anh thu nhé cla
hypebol quy dao. Vay tam sai cua hypebol Hinh 3.11
la gi? Ta sé cung tim hiéu trong bai hoc nay. Sao chéi Borisov duoc phét hién vao ngay
30/8/2019 boi nha thién van hoc nghiép dur
Gennady Borisov.

1. HINH DANG CUA HYPEBOL

2 2
) uo1. Trong mét phang toa d9, cho hypebol cé phwong trinh chinh tac -:—2- B i—z =,

a) Hay gidi thich vi sao néu diém M(x; y,) thudc hypebol thi cac diém c6 toa dd (x ; -y,),
(-xu; yD), (—xn; —yD) cung thuéc hypebol (H.3.12).

b) Tim toa dd cac giao diém cua hypebol v&i truc hoanh. Hypebol ¢é céat truc tung hay
khéng? Vi sao?

c) V&i diém M(x y,) thudc hypebol, hay so sanh |x | voi a.

Hinh 3.12



2

2
Cho hypebol cé phwong trinh chinh tic > - g—z —1. Khi d6
a

« Hypebol ¢é hai truc déi xirng 1a Ox, Oy, va tdm dbi xirng la gbc toa dd O.

» Truc Ox (chira hai tiéu diém) cat hypebol tai hai diém A (-a; 0), A (a; 0) va dwoc goi
|a truc thure,

« Hai diém A [(-a; 0), A (a; 0) duoc goi la hai dinh.
« Truc d6i xirng Oy khéng cat hypebol va dwoc goi la truc do.
« 2a, 2b trong trng dwoc goi la do dai truc thyre, truc 2o.

« Trong hai nhanh ctia hypebol, mét nhanh chira cac diém déu coé hoanh dé x > a
(nhanh chira dinh A (a; 0)), nhanh con lai chira cac diém déu c6 hoanh dé x < -a
(nhanh chira dinh A (-a; 0)).

 Hinh chir nhat véi bén dinh c6 toa dé 1a (—a; b), (-a; —b), (a; -b), (a; b) dwoc goi la
hinh chir nhat co so0.

« Hai dwdng thang chira hai dwdng chéo cGa hinh chir nhat co sé dwoc goi la hai
dwong tiém can, va coé phuong trinh la y = —Ex va y = —X.
a a

\ S

Cha y. Trong hypebol néi trén, nhanh chira dinh A (a; 0) la nhanh gdm cac diém M thod man
MF, — MF = 2a, nhanh chua dinh A (-a; 0) la nhanh gdm cac diém M thoa man MF, - MF =2a

(v6i F (~c; 0), F,(c; 0) la cac tiéu diém, ¢ =va’ +b”).
2 2

" Xy
Vidu1. Cho hypebol — - =—=1.
» Vidu o hypebo 5 16

a) Tim do dai cac truc, toa do cac dinh.
b) Tim cac dwéng tiém can.

Giai
Tl phwong trinh cda hypebol, tacé & =9, b*° =16, nghialaa=3, b=4.
a) Hypebol c6 @6 dai truc thuc & 2a = 6, d6 dai truc 40 1a 2b = 8, va hai dinh la A (-3; 0),
A_(3; 0).
2

b) Hypebol cé hai duwongtiémcanla y = —%x va y = %x.

Cha v. Hai dwong tiém can khéng cat hypebol. Hon nira khi mét diém thay déi trén hypebol
thi cang xa géc toa dd, khoang céach tir nd t&i mét trong hai dwdng tiém can cang gan bang 0
(diéu nay giai thich cho viéc dung tir “tiém can”).

2 2

P Xy
Luyén tip 1. Cho hypebo] — - Z—=1.
) luyén tip yp TR,

a) Tim tiéu cyw va dod dai cac truc.
b) Tim cac dinh va cac duéong tiém can.
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2. BAN KiNH QUA TIEU, TAM SAI VA BUONG CHUAN
) uo2. Cho diém M(x,; y,) thudc hypebol c6 hai tieu diém F.(-c; 0), F,(c; 0), 4 dai truc thyc
bang 2a.
a) Tinh MF? - MF?,
b) Gia str M(x ; ¥,) thudéc nhanh chira dinh A (a; 0), tc 1a MF, — MF = 2a.
Tinh MF, + MF,, MF,, MF.,
c) Gia str M(x; y,) thudéc nhanh chira dinh A (-a; 0), trc la MF, — MF, = 2a.
Tinh MF, + MF, MF,, MF.,

( 3
2
Cho hypebol ¢é phuong trinh chinh tac :—2 _i_? =1v6i céc tiéu diém F (-¢; 0), F(c; 0)
(véi c =+Ja’ + b® ). V&i diém M(x: y) thudc hypebol, ta cé
MF, = a+£x, MF, = a——x.
a a

_ Cac doan thang MF,, MF, duoc goila ban kinh qua tiéu cda diém M. ]

Y
ﬂ Hiéu dd dai hai ban kinh qua tiéu ciia mét diém thudc hypebol ¢cé moi quan hé gi v&i do
dai truc thuc?
Chi v. Mé&c du cong thirc @6 dai ban kinh qua tiéu noi trén co chira dau gia tri tuyét déi,
nhwng tir d6, em cling co thé dé dang suy luan nguoc tré lai cong thire ban kinh qua tiéu
(rng voi tirng nhanh hypebol ma em da dat duwoc trong HP2:

e Néu M(x; y) thudc nhanh chira dinh A& 0)

——a+Zx (@éy

C 3
=a+—x va MF, =
a

a

c
a+—Xx

-l G fa]
thi x=za=a+—x>0 nén MF, =
a

a

c
a——X
a

rang ¢ > a).

o Néu M(x; y) thudc nhanh chira dinh A.(-a; 0)

X c P ) c c \ .
thi x<-a=a+—x<0 (déyrangc > a) nén Mﬁ=a+—x=—(a+—xj va
a a a
c C
MF, =la——x|=a——x.
a a

2 2
) Vi du 2. Cho hypebol XT - % 1. Tinh d6 dai hai ban kinh qua tiéu cdia mot didm M thuéc

hypebol va c6 hoanh dé bang —10.
Giai

Tacoa’=4: b*=21.Suyra a=2, b=+21, va c=+a’ + b’ =5. Do d6, hypebol ¢6 hai tiéu
diém la F.(-5; 0), F(5; 0). Diém M thudc hypebol va cé hoanh dd X,=-10 nén

C

a——X
- 0

MF, = a+§xﬂ 2+§-(-10) -23 va MF, =

=‘2—§-(-10){=2?.
2



) Luyén tip 2. Cho hypebol cé @ dai truc thuc bang 6, dd dai truc do bang 6+/3. Tinh do
dai hai ban kinh qua tiéu cia mét diém M thudc hypebol va cé hoanh d6 bang 9.

2 2

) Vidu 3. Cho hypebol cé phwong trinh chinh tac x_z - % =1.Tim diém M trén hypebol dé khodng
a

cach tir M dén tiéu diém F (c; 0) nhé nhét (H.3.13).

Giai
Véi mbi dieém M(x,; y,) thudc hypebol, ta ¢ ban kinh qua tiéu
clia M (ing voi tiéu diém F, 1a MF, =[a——x,|.

d

- Néu M(x; y,) thuéc nhanh chira dinh A (a; 0) thi x> a

. c S .
nen a-—x, <0 (dé y rang c > a). Do d6,
4 Hinh 3.13

C
a——X

C C
J|=—x,-a=z—a-a=c-a.
a

a a

MF, =

D&u dang thirc xay ra khi X, = a, e 13, khi M(x; y,) trung dinh A (a; 0).

— Néu M(x,; y,) thuéc nhanh chira dinh A (-a; 0) thi x, < —a nén

C c
a-—x,2a-—-(-a)=a+c. Suyra
a a

c
a-—-—X|=a+c.

MF, -
2 a

Vay diém M(x; y,) thudc hypebol cé khodng céch t6i tiéu diém F (c; 0) nhd nhéat khi M trung
dinh A (a; 0), va khi dé, khoang cach bang ¢ - a.

Chu y. Twong tw Vi du 3, khoang céach tir diém M thudc hypebol dén tiéu diém F (—c; 0) nhd
nhét khi M tring dinh A (~a; 0) va khi d6, khoang céch bang ¢ - a.

2 2
) Luyén tip 3. Cho hypebol %_%:1 v&i hai tiéu diém
F.(=2; 0), F,(2; 0). Piém M nao thuéc hypebol ma cé dé
Ban kinh qua tiéu co doé

dai ban kinh qua tiéu MF, nhé nhét? Tinh khodng céach dai nhd nhét bdng nira
tlr diém do toi cac tiéu diém. hiéu cua do dai tiéu cw va

2 truc thwe.

) 1#o2. Cho hypebol cé6 phwong trinh chinh tac %—

voi cac tiéu diém F (-c; 0), F,(c; 0). Xét cac dwong thang

2
Y
_2:1

2

2
A x=-2- va A,: x=2- (H.3.14). V6i diém M(x; y)
Cc C

Mk va ﬂ theo

thudc hypebol, tinh cac ti s6 ————
d(M, A,) d(M, A,)

avac.
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2 2
Cho hypebol cé phuong trinh chinh tac ;—_,_ - y—2 =1 voi

cac tiéu diém F.(-¢c; 0), F.(c; 0).
Khi diém M(x; y) thay ddi trén hypebol, ta c6
MF, MF,

- 2__ = e khdng doi, trong d6
d(M, A,) d(M, A,)

e e=— duoc goila tam sai cua hypebol. Hinh 3.14
a

e A x=—3 va A,: x=g dwoc goi la cac dwong
chuan twong ng voi F.(-c, 0) va F(c; 0) cua
hypebol.

\

S

Chay
e Tam sai e cta hypebol 1a mét s6 1én hon 1.
o D06 dai cac ban kinh qua tiéu ctia diém M(x: y) thudc hypebol con duoc viét duéi dang

MF, =|a+ex|, MF, =|a—ex|.

2 2
) Vi du 4. Tim tam sai va céc dudng chudn ctia hypebol > — ¥~ — 1.

17
Giai
Tacoa’=64, b’=17.Suyra a=8, b=+17 va c =+a’ + b> =9. Do d6, hypebol c6 tam sai la

_94

g=2 :% va cac duong chudn 1a A, : x = —5—: (ig Vi tiéu diém F (-9, 0)) va &, : x==
a

((rng v6i tidu diém F(9; 0)).

) Vi du 5. Trong mat phang toa dd Oxy, hypebol (H) ¢ phwong trinh chinh tac, di qua diém
A(4; Q) va co tam sai e = 3. Tim phwong trinh cda (H).

Giai. Phuwong trinh chinh tac ctia hypebol co6 dang

X ¥ _4
a b
Vi hypebol di qua diém A(4; 0) nén ta cé
2
E—%=1:>32=16:>a=4.
a

Theo céng thure tinh tam sai ta cé

e=§=3:>c=33=3-4=12.
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Do dé b°=c"-a°=12°- 4°=128.

2 2

Vay phwong trinh chinh tac cta hypebol la ’::—6 Y

128

) Luyén tip 4. Trong mat phang toa dd Oxy, hypebol (H) cé phwong trinh chinh tac, cé tam

sai e = 2 va mot dwdng chuan la x = 8. Lap phwong trinh chinh téc cia (H).

) Vi du 6. Gidi thich vi sao ta c6 thé dung hinh v& mét hypebol (H) bat ki v&i tam sai e = 3,3567

nhw |a mét hinh anh thu nhé cda hypebol chira quy dao cla sao chdi Borisov ma ta da gap
& dau bai hoc.

Giai

Gia str hinh (H) cé d6 dai truc thwc bang 2a mét, tiéu cw bang 2c mét, va hypebol chira
quy dao cla sao chéi Borisov c6 dd dai truc thuc bang 2a’ mét, tiéu cy bang 2¢’ mét. Ta co,

£ -3,3567 == Vay, néu dat k == = < thi (H) la ban v& thu nhé clia hypebol chira sao
d d a Cc

chdi Borisov, voi ti 1é 1 k.

Nhan xét. Qua Vi du 6 ta thay, tam sai cha hypebol (twong tw cua elip) quyét dinh hinh dang
cua hypebol (elip).

) Vin dung. Mot sao chdi di qua hé Mat Troi theo quy dao

52

/4 mot nhanh hypebol nhan tam Mat Troi la mot tieu 0 o

diém, khoang cach gan nhat tir sao chdi nay dén tam Mat Trovi
Mat Troi la 3-10° km va tdm sai cua quy dao hypebol
la 3,6 (H.3.15). Hay lap phwong trinh chinh tac cua
hypebol chira quy dao, v&i 1 don vi do trén mat phang

toa do (rng véi 10° km trén thye té. Hinh 3.15

BAI TAP

2 2

3.7. Trong méat phang toa dd, cho hypebol cé phuwong trinh chinh tac % - yT =1. Xac dinh

toa 6 cac dinh, @6 dai cac truc, tam sai va phwong trinh cac duwdng chuén clia hypebol.
) . X2 }"2
3.8. Trong mat phang toa dd, cho hypebol cé phwong trinh chinh tac 9 7" 1. Tinh ban

kinh qua tiéu ctia mot diém M thudc hypebol va cé hoanh dé bang 12.

3.9. Trong mat phang toa do, hypebol (H) co phwong trinh chinh tac. Lap phwong trinh
chinh tac cua (H) trong méi tredng hop sau:

a) (H) cé nira truc thue bang 4, tiéu cu bang 10;

b) (H) c6 tiéu cw bang 2413, mét duong tiém can la y = %x;

¢) (H) co tam sai e =+/5, va di qua diém (+/10; 6).



3.10. Mét hypebol ma d6 dai truc thuc béng dd dai truc ao duoc goi la hypebol vudéng. Tim
tam sai va phwong trinh hai dwéng tiém can cua hypebol vudng.

3.11. Chirng minh rang tich cac khoang cach tir mét diém bat ki thudc hypebol dén hai
dwdng tiém can clia né 1a mét sé khéng dbi.

3.12. Bén tram phat tin hiéu vo tuyén cé vitri A, B, C, D theo thir tw d6 thang hang va cach
déu voi khoéng cach 200 km (H.3.16). Tai mét thdi diém, bdn tram cung phat tin hiéu voi
van toc 292 000 km/s. Mét tau thuy nhan dwoc tin hiéu tir tram C trudic 0,0005 s so véi tin
hiéu tir tram B va nhan dwoc tin hiéu tir tram D sém 0,001 s so v&i tin hiéu tw tram A.

n
-~ ’ / \
-7 < \
_ - /'{ / A
p— - g ! / O J.lr \L f
A(-3; 0) B(-1; 0) C(1; 0) D(3: 0)
Hinh 3.16

a) Tinh hiéu cac khodng cach tir tau dén cac tram B, C.
b) Tinh hiéu cac khodng céach tir tau dén céac tram A, D.

c) Chon hé truc toa dd Oxy nhu trong Hinh 3.16 (1 don vi trén mat phang toa dé (rng voi
100 km trén thuc t&). Hay 1ap phuong trinh chinh tac clia hai hypebol di qua vi tri M
cta tau. Twr d6, tinh toa dd cla M (1am tron két qua dén chir sé thap phan thir nam).

d) Tinh cac khoang céach tir tau dén céac tram B, C (dap s6 dwoc lam tron dén hang don vi,
tinh theo don vi km).



Thuat ngir . Kién thac, ki ndng
« Dinh, tiéu diém, - Xac dinh dwoc cac yéu td dac trwng clia dwong parabol
dwong chuén, ban (parabola) khi biét phwrong trinh chinh téc ctia né.
s qua t'_éu .« Giai quyét dwoc moét s6 vaAn dé thuc tién gén véi dwong
* Tham so0 tieu paraan
* Tam sai ;

Hinh anh parabol xuét hién trong nhiéu céng trinh
kién triic dep. Bac Vinh tham quan mét céng trinh
kién tric c6 céng hinh parabol véi phwong trinh

chinh téc y? = 48x (theo don vi mét). Céng réng PP e
192 m. Bac du dinh Iam mét mé hinh thu nhé cua o ull'“'m“ﬂﬂlm. :
no voi ti 1& 1:100. Lidu ta co thé gitp bac Vinh [ap  SEEEESE=mmms = h = T

phwong trinh chinh tac cho parabol (rng véi mé T o -

hinh do, theo don vi met? - e - —sm—

Hinh 3.17. C4u Tyne & Anh voi thiét ké c6
cung parabol

" . Y
1. HINH DANG CUA PARABOL : ¥ = 2px

) 491, Cho parabol ¢6 phuwong trinh chinh tac
¥ = 2px (H.3.18).
a) Néu diém M(x; y,) thudc parabol thi diém N(x ; —y.) co
thudc parabol hay khéng? 7

°
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b) T& phuong trinh chinh tac cta parabol, c6 thé rut ra
diéu gi vé hoanh dé cta nhirng diém thudc parabol?

Hinh 3.18

Cho parabol c6 phuwong trinh chinh tac y? = 2px (p > 0). Khi dé:
« Parabol cé6 mét truc déi xirng la Ox (di qua tiéu diém va vudng goc véi dwdng chudn).

- Giao diém O(0; 0) clia parabol va truc déi xirng dwoc goi la dinh clia parabol.

« Tham sb tiéu p gép ddi khodng cach gitra dinh O(0; 0) va tiéu diém F(g; 0).
« Trong phwong trinh chinh tac, cac diém thudc parabol déu cé hoanh dé khéng am.




) Vidu1. Lap phwong trinh chinh téc clia parabol c6 khodng cach tir dinh téi tiéu diém bang 3.
Giai
Phuong trinh chinh tac cla parabol c6 dang y* = 2px, p > 0.

Khodng cach gilra tiéu diém F(g: 0) va dinh O(0; 0) Ia 3 nén g =3= p=6.
Vay parabol cé phwong trinh chinh tac la y° = 12x.

) Luyén tdp 1. Trong mat phang toa dd Oxy, parabol (P) c6 phwong trinh chinh tac va di qua
diém A(6; 6). Tim tham sé tiéu va phwong trinh dwéng chuén cua (P).

F . = e r . 2 A
2. BAN KINH QUA TIEU, TAM SAI VA DPUONG CHUAN
) H02. Cho parabol cé phwong trinh chinh tac y* =2px (H.3.19).

a) Néu toa do tiéu diém F va phwong trinh dudng chuan
A cua parabol. _.2.p

b) Cho diém M(x y,) thuoc parabol. Hay so sanh MF voi
d(M; A), tlr @6, tinh MF theo X, va Yy |

Hinh 3.19

4 :
Cho parabol c6 phwong trinh chinh tac y° = 2px, p > 0. Khi dé:

* Parabol ¢o tiéu diém F(g; 0) va dwong chudn A: x=-£;

2 1

« Vi diém M(x; y) thudc parabol, doan thdng MF dwoc goi la ban kinh qua tiéu cla
M va c6 d6 dai MF - x+§.

«  V6i moi diém M(x; y) thudc parabol, ti s6

tam sai bang 1. ‘
\ J

) Vidu 2. Cho parabol c6 phuwong trinh y° = 4x.
a) Tim toa d tiéu diém va phwong trinh dwéng chuan clia parabol.
b) Tinh ban kinh qua tiéu cGa diém M thudc parabol va c6 hoanh d6 bang 3.
Giai
a) Tlr phwong trinh chinh tac cla parabol, taco 2p =4 < p= 2.
Vay parabol c6 tiéu diém la F(1; 0) va dwdng chuan la x = —1.
b) Theo cong thirc ban kinh quatieutaco MF=3 +1=4.

MF

lubn bang 1. Ta néi parabol co

) Luyén tdp 2. Cho parabol cé phuwong trinh y? = 8x. Tim toa dé tiéu diém va phwong trinh dwong
chuén clia parabol. Tinh ban kinh qua tiéu clia diém M thudc parabol biét diém M co tung dod
bang 4.

) Vi du 3. Chirng minh rang trong cac diém thudc parabol thi dinh parabol cé khodng cach tai tiéu
diém nhé nhét va khodng cach dé bang mét nira tham sé tiéu.

Giai
Gia sir parabol c6 phwong trinh chinh tac 1a y* = 2px, p > 0. V&i diém M(x; y,) béat ki thuéc
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parabol, ta co x = 0. Do 406, theo cong thwe ban kinh qua tieu, ta co MF = x, +

)
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P
2
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Déu dang thirc xdy ra khi va chi khi x = 0 (va do d6 y, = 0), tirc 1a M trung véi dinh
cua parabol. Tir 6, ta nhan dwoc diéu phai chirng minh.

) Luyén tip 3. Mét sao chdi chuyén déng theo quy dao parabol nhan tam Mat Trdi lam tiéu diém.
Khoang cach ngan nhét tir sao chéi dén tam Mat Tréi 1a 10° km. Lap phwong trinh chinh tac
clia quy dao theo don vi kildmét. Hoi khi sao chdi nam trén dwéng vudng géc voi truc dbi
x(rng clia quy dao tai tam Mat Troi, thi khodng cach tir sao chdi dén tam Mat Troi la bao nhiéu
kildmet?

) Vin dung. Theo cac budc sau, hay gidi quyét van dé da dwoc néu ra & phan mé dau bai hoc.

a) Tim chiéu cao cia céng ma bac Vinh da tham quan;
b) Tim chiéu cao va chiéu réng cia mé hinh thu nhé ma bac Vinh dy dinh 1am:;
c) Tim phwong trinh chinh tac ctia mé hinh do, theo don vi mét;
d) Néu tai tiéu diém ciia mo hinh, bac Vinh treo mét ngdi sao thi ngdi sac d6 & do cao bao
nhiéu mét so v&i mat dat?
BAI TAP
3.13. Cho parabol cé phwong trinh y* = 12x. Tim tiéu diém va dudng chuan cla parabol.
Tinh ban kinh qua tiéu cta diém M thudc parabol va c6 hoanh dd bang 5.

3.14. Trong mat phang toa dd Oxy, parabol (P) ¢d phwong trinh chinh tac va di qua diém

M(3; 3\/5). Tim ban kinh qua tiéu ctia diém M va khoang cach tir tiéu diém téi dudng
chuén cua (P).

3.15. Xét dén co bat day parabol véi kich thwéc duoc
thé hién trén Hinh 3.20. Day toéc bong dén dwoc dat &
vi tri tiéu diém. Tinh khodng cach tir day téc téi dinh
bat day. « 30 cm

&

20cm

3.16. Ang-ten vé tinh parabol & Hinh 3.21 c6 dau thu Finh 3.20
dat tai tiéu diém, dwong kinh miéng ang-ten 1a 240 cm,
khoang cach tir vi tri dat dau thu téi miéng ang-ten la
130 cm. Tinh khoang céach tir vi tri dat dau thu téi dinh
ang-ten.

56 Hinh 3.21



SU THONG NHAT
GIUA BA PUONG CONIC

Thuat ngir | Kién thir, ki ning
«  Pwong conic .+ Nhan biét dwong conic nhw 13 giao cia mat phang véi
« Puwong chuén, i mat non.

tam sai © +  Gidi quyét mot s6 van dé thue tién gan voi ba dwdng conic.

Khi bay v6i van téc 16n hon van toc &m thanh,
may bay sé tao ra mét lan séng am thanh
hinh nén (nén Mach) va gay tiéng 6n manh,
goi la tiéng nd siéu thanh. Khi may bay bay

qua, nhirng ngudi trén mat dat chiu tieng on
manh cung luc, c@ vi tri cung r]ém trén n@t
nhanh hypebol. Bé gidi thich diéu nay ta can

tim hiéu vé giao clia mét mat phang va mét
mat non.

Ngoai nén Mach, khi bay véi téc do siéu am, may bay
con tao ra nén hoi nuoc ma ta co thé quan sat duorc.

1. GIAO CUA MAT PHANG VO1 MAT NON TRON XOAY

Cac duwéong conic duoc phat hién va nghién ciru tw hon
2 000 ndm trwdc. Menaechmus (khoang 380 — 320, TCN)
dwoc cho la ngwdi dau tién nghién clru cac dwéng conic
khi xét giao clia mat phang v&i méat nén tron xoay (dé y rang
trong tiéng Anh, tir cone cé nghia la mat nén). Nghién ciru
céng phu nhét trong thdi ki Hy Lap c6 dai vé ba dwéng conic
dwoc thue hién boi Apollonius (khoang 262 — 190, TCN) qua
bé sach gébm tam cuén. Ong la ngudi dwa ra cac tur elip,
parabol, hypebol va thay vi cat mat nén don (H.3.22) nhw
Menaechmus, Apollonius da cat mat nén déi (H.3.23).

b | 4

Hinh 3.22

O L O

Puong tron Elip Parabol Hypebol

Hinh 3.23
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Giao cua mét mat nén tron xoay (H.3.23) véi mdt mat phang khéng di qua dinh 1a mét
dwong tron hoac duwd'ng conic.

Khi mét may bay c6 van téc 1én hon van téc dm thanh bay qua, tai mét thoi diém, nén
am thanh Mach giao véi mat dat (coi nhw phang) theo mét dwdng trén hay mét dwong
conic. Chu y rang, trén thuc té, tiéng nd siéu thanh co6 thé gay pha huy vung trén mat dat
ma may bay bay qua. Do do, nguoi ta cé quy dinh vé vung dwoc phép hoat déng cua
loai may bay nay.

Cha v. V&i kién thire hinh hoc khéng gian
trong chwong trinh 1&p 11, ta sé co thé bién
luan chi tiét hon vé giao ctia mat phang voi
mat nén, déng thoi thay dwoc sw tham gia
clia tam sai trong tirng trwéng hop. Chang
han, néu may bay bay song song v&i mat dat
thi tai mdi théi diém, giao ctia nén Mach va
mat dat 1a mét nhanh cGa hypebol (H.3.24).
Twong tw, anh sang phat ra tir dén ban cé Hinh 3.24
thé tao ra trén twdng mét vung sang duoc
gi¢i han b&i mét nhanh hypebol (H.3.25).

Trai nghiém. Dung dén pin dé tao thanh
vung sang hinh tron hoac hinh conic trén
mat phang.

Hinh 3.25

2. XAC PINH BPUONG CONIC THEO TAM SAI VA BUONG CHUAN

Ta da biét, khi mét diém thay déi trén mét elip, hypebol hoc parabol thi ti s6 khodng céch tir
no téi tiéu diém va dwéng chuan twong (ing khéng doi va luén bang tam sai (H.3.26).

Hinh 3.26



Cho sé duong e, diém F va duwong thang A khéng di qua F. Khi d6, tap hop nhirng

diém M thoda man = e |a mét dwdng conic cé tam sai e nhan F 1a mét tiéu diém

va A la dwéng chuan (rng véi tiéu diém d@é. Hon niva,
« Neéu 0 < e < 1 thi conic la duong elip;
« Néu e = 1 thi conic la dwdng parabol;
« Néu e > 1 thi conic 1a dwéng hypebol.
) Vi du 1. Lap phuong trinh dwéng conic, biét tam sai bang 2, mét tiéu diém F(4; 0) va dwong
chuan twong rng A: x - 1=0.
Giai. Biém M(x; y) thudc duwéng conic khi va chi khi

MF
=2 J(x-4P +y* =2|x -1
< (x -4 +y* =4(x -1
=3x7—y? =12
X Y 4
4 12
. ‘ o i g
Vay duwdng conic c6 phwong trinh la ?—Eﬂ.

) Luyén tip 1. Lap phwong trinh dwdng conic biét tdm sai bang % mot tieu diém F(-2; 0)

va dwong chuan twong (*ng A: x+§= 0.

) Vin dung 2. Hay cho biét quj dao cua tirng vat thé trong bang sau day la parabol, elip hay

hypebol.

Tén Tamsaicuaquydao |  Ngay phat hién
Sao chéi Halley 0,967 TCN
Sao chéi Hale-Bopp 0,995 | 23/07/1995
Sao chdi Hyakutake 0,999 31/01/1996
Sao chéi C/1980E1 1,058 11/02/1980
Oumuamua 1,201 19/10/2017

(Theo nssdc.gsfc.nasa. gov va astronomy.com)

Sao chdi Halley c6 chu ki khoang 75 — 76 nam, quan sat dwoc tir Trai Dat.

59
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BAI TAP
3.17. Viét phwong trinh cac dudng chuén clia cac dudng conic sau:

E‘ 2 2z 2

¥ . Xy
—+==1 b =— =1 — 8x.
)25 16 i 6y =0x
3. Cho hai elip (E,): y—:‘lué (E,): x_2+y_2
5 16 277100 64

a) Tim méi quan hé gitra hai tam sai clia cac elip db.

b) Chirng minh rang véi méi diém M thude elip (E,) thi trung diém N cta doan thang OM
thudc elip (E.).

3.19. Viét phwong trinh cta dwéng conic ¢o tam sai bang 1, tiéu diém F(2; 0) va dudng
chudnla A: x +2=0.

3.20. Quy dao chuyén ddng cua sao chdi Halley 1a mét elip, nhan tam Mat Trdi 1a mét
tiéu diem, co6 tam sai bang 0,967.

a) Giai thich vi sao ta co thépoi béat ki hinh vé elip nao véi tam sai bang 0,967 1a hinh anh
thu nho cua quy dao sao choi Halley:.

b) Biét khodng cach gan nhat tir sao chéi Halley dén tam Mat Troi la khoang 88-10° km,
tinh khoang cach xa nhat (theo nssdc.gsfc.nasa.gov).

Em c6 biét?

Sao chdi la mét thién thé gdm khi dong bang, da va bui. Mac du chi rong tr vai dam
dén hang chuc dam, nhwng khi di vao gan Mat Tréi, sao choi nong lén va phun ra khi,
bui v&i ddu phat sang co thé rong hon ca mot hanh tinh va dudi co6 thé kéo dai hang
triéu dam.

(Theo solarsystem.nasa.gov)
Sao chéi rat quan trong déi véi cac nha khoa hoc vi ching |a nhirng thién thé nguyén
thuy con sét lai tir qua trinh hinh thanh hé Mat Troi.
Péi véi nhirng sao chdi cé qui dao parabol hay hypebol ching ta chi dwoc thay ching
mot 1an, sau d6 ching di khdi hé Mat Troi va khéng bao gid quay lai.
Dwa vao cac Binh luét clia Newton vé chuyen dong, nguoi ta co thé rut ra méi quan hé
sau gitra quy dao, van téc tai dinh quy dao cla sao chbi:

Quy dao elip: }% <V < ZiM :

Quy dao parabol: v = %
Quy dao hypebol: v > 2?"

Trong d6, v (m/s) 1a van toc tai dinh quy dao cua
sao chdi, p (m) la khodng cach tir tam Mat Troi
(tiéu diém cua quy dao) tdi dinh (gén tam Mat D0i v6i nhitng vé tinh duwoc phong tr
TI"O’I} clia qug, Gaﬂ, 5 = 6.6?4081011 makg-1$—2 Tréi P4t ta ¢ (ng ¢o diéu twrong i vé
(héng 56 hép dén), M= 1,989-1030 kg {khﬁi Il.fr.}'ng moi guan hé gilra van toc va quy dao.
Mat Troi).




BAI TAP cUOI CHUYEN DE 3 <<<

3.21. Cho dwéng conic (S) cé tam sai e = 2, mét tiéu diém F(-2; 5) va dwdng chuan twong
(rng véi tiéu diém dé 1a A: x + y— 1 =0. Chirng minh rang diém M(x; y) thudc duéng conic
(S) khi va chi khi x*+ y?+ 4xy — 8x + 6y — 27 = 0 (dwoc goi la phwong trinh cla (S), tuy vay
khéng phai la phwong trinh chinh tac). Hai (S) 1a dwdng gi trong ba dwdng conic?

3.22. Viét phuong trinh dwéng conic co tam sai e = %, mot tiéu diém F(-1; 0) va duong

chuén twong trng 1a A: x + y + 1 = 0. Hai dwdng conic d6 la dwéng gi?
3.23. Chirng minh rang do thi ciia ham sb y =ax® + bx + ¢ (a # 0) la mét parabol co tiéu

diém 1a F(-EF—‘i) va dudng chuan la y = -1;—‘&, trong d6 A = b? - 4ac.
a

2a 4a
3.24. Cho hai parabol cé phuwong trinh y° = 2px va y = ax’ + bx + ¢ (a # 0). Chirng minh

rang néu hai parabol d6 cat nhau tai bén diém phan biét thi bén diém dé cling nam trén

dwdng tron (C): x* + y? +[§—2p]x—%y+§ =0.

2 2
3.25. Cho elip c6 phwong trinh ;—5 e {—6 =1. Viét phwong trinh dwong thang di qua diém

M(2; 1) va cat elip tai hai diém A, B sao cho MA = MB.

3.26. M6t tau va tru ndm trong mdt quy y
dao tron va & do cao 148 km so voi bé
mat Trai Dat (H.3.27). Sau khi dat duwoc
van téc can thiét dé thoat khoi lyc hap dan
cla Trai Dat, tau vl tru sé di theo quy dao
parabol v&i tam Trai Dat Ia tiéu diém: diém
khéi dau cta quy dao nay la dinh parabol
quy dao.

a) Viét phwong trinh chinh tac cta parabol
quy dao (1 don vi do trén mat phang toa
@6 (rng v&i 1 km trén thyrc té, lay ban kinh
Trai Dat 1a 6 371 km).

b) Giéi thich vi sao, ké tir khi di vao quy
dao parabol, cang ngay, tau vl tru cang
cach xa Trai Dat.

>

148 km

Hinh 3.27



BANG TRA CUU THUAT NGU

B Ban kinh qua tiéu (d6i v&i elip) 42 M Ménh dé phu thudc sb tw nhién n 25
Ban kinh qua tiéu (d6i véi hypebol) N Nghiém cua hé phuwong trinh bac
49 nhét ba &n 6
Ban kinh qua tiéu (déi véi parabol) Nghiém clia phuong trinh bac nhat
DY ba an6
C Conic57 Nhi thirc Newton 35
P Dinh (cua elip) 40 P Phwong phap Gauss 8
Binh (cua hypebol) 48 Phwong phap quy nap toan hoc 27
Dinh (ctia parabol) 54 Phwong trinh bac nhat ba an 6
Pudng chuan cha elip 43 T Tam giac Pascal 33
Puwéng chuén cia hypebol 51 Tam dbi xirng cla elip 40
Puwéng chuan cla parabol 55 Tam dbi x(rng clia hypebol 48
Puwong tiém can 48 Tam sai (cua duwdng conic) 59
Do dai truc ao (cua hypebol) 48 Tam sai (cua elip) 43
D6 dai truc Ion (cua elip) 40 Téam sai (cua hypebol) 51
Pa dai truc nhé (cua elip) 40 Tam sai (cua parabol) 55
Do dai truc thwe (cla hypebol) 48 Tiém can (cua hypebol) 48
H Hinh chir nhat co s& (cua elip) 40 Truc ddi xirng (cda elip) 40
Hinh chir nhat co s& (cta hypebol) Truc d6i x(rng (clia hypebol) 48
48 Truc dbi x(rng (cta parabol) 54
Hé phwong trinh bac nhat ba an 6 Truc 1&n (caa elip) 40
Hé phwong trinh dang hinh thang 10 Truc nhé (cua elip) 40
Hé phwong trinh dang tam giac 7 Truc ao (cua hypebol) 48
Hé sb (trong khai trién nhi thirc Truc thue (cGa hypebol) 48

Newton) 32



BANG GIAlI THICH THUAT NGU

Thuat ngiv

Giai thich

Puong conic

Tap hop cac diém clia mat phang co ti sé khodng cach
tlr N6 t&i mot diém cé dinh F va mét dwdng thang cd
dinh A (khéng di qua F) bang mét hang sé e. Biém ¢b
dinh F goi la tiéu diém, dwdng thang cb dinh A goi Ia
dudng chuén (rng véi tiéu diém F va hang sbé e goi la
tam sai cla conic.

Hé phuong trinh bac nhat ba an

Hé gbm mét sé phwong trinh bac nhét ba &n x, y, zma
ta phai tim nghiém chung cta ching. Méi nghiém chung
do goi la moét nghiém cua hé phwong trinh bac nhat ba
an da cho.

Phwong phap Gauss

Phwong phap gidi hé phuwong trinh bac nhat nhiéu an
bang cach bién d6i twong dwong hé da cho vé moét hé
dang tam giac hoac hé dang hinh thang.

Phwong phap quy nap toan hoc

Mot phwong phap chirng minh toan hoc thuwong dung
dé chirng minh tinh dang dan cda cac ménh dé toan hoc
phu thudc vao sé tw nhién n.

Phwong trinh bac nhéat ba an

Phuwong trinh bac nhéat ba an x, y, z 1a phwong trinh cé
dang ax + by + cz = d, trong d6 cac hé sbé a, b, ¢ khong
déng thdi bang 0.

Tam giac Pascal

Bang tam giac ma hang thir n gém cac hé sé trong khai
trién nhi thirc Newton cua (a + b)".
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